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TRANSLATOR'S NOTICE

The modern developments of Thermodynamics, and the

applications to physical and chemical problems, have

become so important, that I have ventured to translate

Professor Planck's book, which presents the whole subject

from a uniform point of view.

A few notes have been added to the present English

edition by Professor Planck. He has not found it neces-

sary to change the original text in any way.

To bring the notation into conformity with the usual

English notation, several symbols have been changed.

This has been done with the author's sanction. Here I

have followed J. J. van Laar and taken ^ to signify what

he calls the Planck'sches Potential, i.e. the thermodynamic

potential of Gibbs and Duhem divided by — 6.

Professor Planck's recent paper, "tjber die Grundlage

der Losungstheorie
"
{A7m. d. Phys. 10, p. 436, 1903), ought

to be read in connection with his thermodynamical theory

of solution.

I am indebted to Herren Veit & Co., Leipzig, for

kindly supplying the blocks of the five figures in the text.

A. 0.

Devospokt,

June, 1903.
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PREFACE

The oft-repeated requests either to publish my collected

papers on Thermodynamics, or to work them up into a

comprehensive treatise, first suggested the writing of this

book. Although the first plan would have been the

simpler, especially as I found no occasion to make any

important changes in the line of thought of my original

papers, yet I decided to rewrite the whole subject-matter,

with the intention of giving at greater length, and with

more detail, certain general considerations and demonstra-

tions too concisely expressed in these papers. My chief

reason, however, was that an opportunity was thus offered

of presenting the entire field of Thermodynamics from a

uniform point of view. This, to be sure, deprives the work

of the character of an original contribution to science, and

stamps it rather as an introductory text-book on Thermo-

dynamics for students who have taken elementary courses in

Physics and Chemistry, and are familiar with the elements

of the Differential and Integral Calculus.

Still, I do not think that this book will entirely super-

sede my former publications on the same subject. Apart

from the fact that these contain, in a sense, a more original

presentation, there may be found in them a number of

details expanded at greater length than seemed advisable

in the more comprehensive treatment here required. To
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enable the reader to revert in particular cases to the

original form for comparison, a list of my publications on

Thermodynamics ha^ been appended, with a reference in

each case to the section of the book which deals with

the same point.

The numerical values in the examples, which have been

worked as applications of the theory, have, almost all of

them, been taken from the original papers ; only a few,

that have been determined by frequent measurement, have

been taken from the tables in Kohlrausch's " Leitfaden der

praktischen Physik." It should be emphasized, however,

that the numbers used, notwithstanding the care taken,

have not undergone the same amount of critical sifting:

as the more general propositions and deductions.

Three distinct methods of investigation may be clearly

recognized in the previous development of Thermodynamics.
The first penetrates deepest into the nature of the processes

considered, and, were it possible to carry it ont exactly,

would be designated as the most perfect. Heat, according

to it, is due to the definite motions of the chemical

molecules and atoms considered as distinct masses, which

in the case of gases possess comparatively simple properties,

but in the case of solids and liquids can Ije only very

roughly sketched. This kinetic theory, founded by Joule,

Waterston, Kronig and Clausius, has been greatly extended

mainly by Maxwell and r»oltzmann. Obstacles, at present

unsurmountable, however, seem to stand in the way of its

further progress. These are due not only to the highly

complicated mathematical treatment, but principally to

essential difficulties, not to be discussed here, in the

mechanical interpretation of the fundamental principles of

Thermodynamics.
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Such difficulties are avoided by the second method,

developed by Helmholtz. It confines itself to the most

important hypothesis of the mechanical theory of heat,

that heat is due to motion, but refuses on principle to

specialize as to the character of this motion. This is a

safer point of view than the first, and philosophically quite

as satisfactory as the mechanical interpretation of nature

in general, but it does not as yet offer a foundation of

sufficient breadth upon which to build a detailed theory.

Starting from this point of view, all that can be obtained

is the verification of some general laws which have already

l)een deduced in other ways direct from experience.

A third treatment of Thermodynamics has hitherto

proved the most fruitful. This method is distinct from

the other two, in that it does not advance the mechanical

theory of heat, but, keeping aloof from definite assump-
tions as to its nature, starts direct from a few very general

empirical facts, mainly the two fundamental principles of

Thermodynamics. From these, by pure logical reasoning,

a large number of new physical and chemical laws are

deduced, which are capable of extensive application, and

have hitherto stood the test without exception.

This last, more inductive, treatment, which is used ex-

clusively in this book, corresponds best to the present state

of the science. It cannot be considered as final, however,

but may have in time to yield to a mechanical, or perhaps
an electro-magnetic theory. Although it may be of advan-

tage for a time to consider the activities of nature—Heat,

Motion, Electricity, etc.—as different in quality, and to

suppress the question as to their common nature, still our

aspiration after a uniform theory of nature, on a mechanical

basis or otherwise, which has derived such powerful en-

couragement from the discovery of the principle of the
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conservation of energy, can never be permanently repressed.

Even at the present day, a recession from the assumption
that all pliysical phenomena are of a common nature

would be tantamount to renouncing the comprehension of

a number of recognized laws of interaction between different

spheres of natural phenomena. Of course, even then, the

results we have deduced from the two laws of Thermo-

dynamics would not be invalidated, but these two laws

would not be introduced as independent, but would be

deduced from other more general propositions. At present,

however, no probable limit can be set to the time which it

will take to reach this goal.

THE AUTHOE.

I^KKLIN,

Aiyt'il, 1807.
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ERRATA
The reader is requested kindly to make the following corrections in the

pages -where they occur :
—

Page 26, line 8, for
" occurs

" read '* occur."

„ 30, „ 13 from bottom, for
"
Hydrobromamylene

" read "
Amy-

lene hydrobromide."

„ 40, „ 4 in § 58, for
" dififerent

"
read " definite."

„ 78, „ 5, for
" restablishment

"
read " re-establishment."

„ 78, „ 14, /or "stakes" read "states."

„ 79, „ 9 in § 108, /or "Occasionally," etc., read "That attempts
are still made to represent this law as contained in the

principle of energy may be seen from the fact that the

too restricted term '

Energetics
'
is sometimes applied to

all investigations on these questions."

„ 87, „ 2 in § 118, /or
" heat

"
read " work."

„ 104, „ 10 from end, for
"
metaphysicists

"
read "

metaphysicians."

„ 149, „ 3, for
" V

" read "
v^."

„ 152, lines 3 and 1 from end, read ( ^) and ( ^ ) throughout.

„ 176, line 8, for
« AM,

" read "
AM,'."

„ 177, equation (149), for
"
M^"

"
read "

^M^"."

„ 180, line 22, for
"
quintiple

"
read "

quintuple."

„ 185, „ 2, for
"
dMj

"
read "

dM,'."

„ 186, equation 153, /or dMj5^^^, read dM,'S^^,

„ 191, line 3, left-hand side of equation, for
" d log p

"
read " d log p^."

„ 202, lines 6 and 8, for
"

(f>

"
read "

<p."

„ 214, line 15, for
"
ni(c,2

"
read "

?i,(c„,."

„ 229, „ 14, for
" are

"
read "

is."

„ 230, „ 14, for second minus read plug.

„ 232, „ 2 from end, for
"
equations

"
read "

equation,"

„ 241, equation (225), for
"

0^
"
read "

d-."

„ 241, line 5 from end, /or
" carbonic

"
read " carbon."

„ 242, „ 8,/or "^2" reod"eV
„ 243, „ 11 from end, /or "molecule "

read "gram molecule."

PLA.NCK'S THERMODY.NAMICS.





TREATISE
ON

THERMODYNAMICS

PART I.

Fundamental Facts and Definitions.

CHAPTER I.

TEMPERATURE.

\ 1. The conception of " heat
"

arises from that particular

sensation of warmth or coldness which is immediately

experienced on touching a body. This direct sensation,

however, furnishes no quantitative scientiijc measure of a

body's state with regard to heat
;

it yields only qualitative

results, which vary according to external circumstances.

For quantitative purposes we utilize the change of volume

which takes place in all bodies when heated under constant

pressure, for this admits of exact measurement. Heating

produces in most substances an increase of volume, and thus

we can tell whether a body gets hotter or colder, not merely

by the sense of touch, but also by a purely mechanical

observation affording a much greater degree of accuracy.
We can also tell accurately when a body assumes a former

state of heat.

§ 2. If two bodies, one of which feels warmer than the

other, be brought together (for example, a piece of heated

metal and cold water), it is invariably found that the hotter

body is cooled, and the colder one is heated up to a certain

B
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point, and then all change ceases. The two bodies are then

said to be in thermal equilibrium. Experience shows that

such a state of equilibrium finally sets in, not only when

two, but also when any number of differently heated bodies

are brought into mutual contact. From this follows the

important proposition : If a body, A, be in thermal equili-

brium with two other bodies, B and C, then B and C are in

thermal equilibrium with one another* For, if we bring A,

B, and C together so that each touches the other two, then,

according to our supposition, there will be equilibrium at

the points of contact AB and AC, and, therefore, also at the

contact BC. If it were not so, no general thermal equili-

brium would be possible, which is contrary to experience.

§ 3. These facts enable us to compare the degree of heat

of two bodies, B and C, without bringing them into contact

with one another; namely, by bringing each body into

contact with an arbitrarily selected standard body, A (for

example, a mass of mercury enclosed in a vessel terminating
in a fine capillary tube). By observing the volume of A
in each case, it is possible to tell whether B and C are in

thermal equilibrium or not. If they are not in thermal

equilibrium, we can tell which of the two is the hotter. The

degree of heat of A, or of any body in thermal equilibrium
with A, can thus be very simply defined by the volume of

A, or, as is usual, by the difference between the volume of

A and its volume when in thermal equilibrium with melting
ice under atmospheric pressure. This volumetric difference,

which, by an appropriate choice of unit, is made to read 100
when A is in contact with steam under atmospheric pressure,
is called the temperature in degrees Centigrade with regard
to A as thermometric substance. Two bodies of equal

temperature are, therefore, in thermal equilibriujii, and vice

versa.

* As is well known, there exists no corresponding proposition for electrical

equilibrium. For if we join together the substances Cu
| CuSO, aq. j

ZnSO, aq. |

Zn to form a conducting ring, no electrical equilibrium is

|H)ssible.
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§ 4. The temperature readings of no two thermometric

substances agree, in general, except at 0' and 100°. The
definition of temperature is therefore somewhat arbitrary.

This we may remedy to a certain extent by taking gases, in

particular those hard to condense, such as hydrogen, oxygen,

nitrogen, and carbon monoxide, as thermometric substances.

They agree almost completely within a considerable range
of temperature, and their readings are sufficiently in accord-

ance for most purposes. Besides, the coefficient of expansion
of these different gases is the same, inasmuch as equal
volumes of them expand under constant pressure by the

same amount—about ^fg of their volume—when heated

from 0^ C. to 1° C. Since, also, the influence of the external

pressure on the volume of these gases can be represented by
a very simple law, we are led to the conclusion that these

regularities are based on a remarkable simplicity in their

constitution, and that, therefore, it is reasonable to define

the common temperature given by them simply as tempera-
ture. We must consequently reduce the readings of other

thermometers to those of the gas thermometer, and prefer-

ably to those of the hydrogen thermometer.

§ 5. The definition of temperature remains arbitrary in

cases where the requirements of accuracy cannot be satisfied

by the agreement between the readings of the different

gas thermometers, for there is no sufficient reason for the

preference of any one of these gases. A definition of tem-

perature completely independent of the properties of any
individual substance, and applicable to all stages of heat

and cold, becomes first possible on the basis of the second

latv of thermodynamics (§ 160, etc.). In the mean time, only
such temperatures will be considered as are defined with

sufficient accuracy by the gas thermometer.

§ 6. In the following we shall deal chiefly with homo-

geneous, isotropic bodies of any form, possessing throughout
their substance the same temperature and density, and

subject to a uniform pressure acting everywhere perpen-
dicular to the surface. They, therefore, also exert the same
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pressure outwards. Surface phenomena are thereby dis-

regarded. The condition of such a body is determined by
its chemical nature

;
its mass, M ;

its volume, V ;
and its

temperature, t. On these must depend, in a definite manner,
all other properties of the particular state of the body,

especially the pressure, which is uniform throughout, in-

ternally and externally. The pressure, jp,
is measured by the

force acting on the unit of area—in the C.Gr.S. system, in

dynes per square centimeter, a d^ijne being the force which

imparts to a mass of one gramme in one second a velocity
of one centimeter per second.

§ 7. As the pressure is generally given in atmospheres,
the value of an atmosphere in absolute C.G.S. units is here

calculated. The pressure of an atmosphere is the weight
of a column of mercury at 0° C, 76 cm. high, and 1 sq. cm.

in cross-section, when placed in mean geographical latitude.

This latter condition must be added, because the weight,
i.e. the force of the. earth's attraction, varies with the locality.

The volume of the column of mercury is 76 c.c.
;
and since

the density of mercury at 0' C. is 13'596, the mass is 76 x
13'596. Multiplying the mass by the acceleration of gravity
in mean latitude, we find the pressure of one atmosphere in

absolute units to be

76 X 13-596 X 981 = 1,013,650 ^^ or—^^-o-
cm.'' cm.-sec.'*

This, then, is the factor for converting atmospheres into

absolute units. If, as was formerly the custom in mechanics,
we use as the unit of force the weight of a gramme in mean

geographical latitude instead of the dyne, the pressure of

an atmosphere would be 76 X 13596 = 1033*3 grms. per

square centimeter.

§ 8. Since the pressure in a given substance is evidently
controlled by its internal physical condition only, and not

by its form or mass, it follows that }> depends only on tlie

temperature and the ratio of the mass M to the volume A'
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[i.e. the density), or on the reciprocal of the density, the

volume of unit mass—

which is called the specific volume of the substance. For

every substance, then, there exists a characteristic relation—

V = fM,
which is called the characterisiie equation of the substance.

For gases, the function / is invariably positive ;
for liquids

and solids, however, it may have also negative values under

certain circumstances.

§ 9. Perfect Gases.—The characteristic equation as-

sumes its simplest form for the substances which we used

in § 4 for the definition of temperature. If the temperature
be kept constant, then, according to the Boyle-Mariotte

law, the product of the pressure and the specific volume

remains constant for gases
—

P^ = T,. (1)

where T, for a given gas, depends only on the tempera-
ture.

But if the pressure be kept constant, then, according to

§ 3, the temperature is proportional to the difierence between

the present volume v and the volume Vq at 0°
;

i.e.—

t={v-v,)V, (2)

where P depends only on the pressure p. Equation (1) for

Vq becomes

VV, = To, (3)

where To is the value of the function T, when ^ = 0" C.

Finally, as has already been mentioned in § 4, the

expansion of all permanent gases on heating from 0° 0. to

1^ C. is the same fraction a (about 273) of their volume at



6 THERMODYNAMICS.

0^ (Gay-Lussac's law). Patting i = 1, we have v - v^ - uVq,

and equation (2) becomes

\ = av,V (4)

By eliminating P, Vo> and v from (1), (2), (3), (4), we obtain

the temperature function of the gas
—

T = To(l + at),

which is seen to be a linear function of t. The characteristic

equation (1) becomes

§ 10. The form of this equation is considerably simplified

by shifting the zero of temperature, arbitrarily fixed in § 3,

by
-

degrees, and calling the melting point of ice, not 0^ C,

but i' C. {Le. about 273° C). For, putting i + i =

(absolute temperature), and the constant aTo = C, the

characteristic equation becomes

This introduction of ahsoJide temperature is evidently tanta-

mount to measuring temperature no longer, as in § 3, by a

change of volume, but by the volume itself.

§ 11. The constant C, which is characteristic for the

perfect gas under consideration, can be calculated, if the

specific volume f be known for any pair of values of and jj

(e.g. 0" and 1 atmosphere). For different gases, taken at

the same temperature and pressure, the constants C evidently

vary directly as the specific volumes, or inversely as the

densities -. It may be affirmed, then, that, taken at the

same temperature and pressure, the densities of all perfect

gases bear a constant ratio to one another. A gas is,

therefore, often characterized by the constant ratio which its
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density bears to that of a normal gas at the same tempera-
ture and pressure {specific density relative to air or hydrogen).
Ki (f G. {B = 273°) and 1 atmosphere pressure, the densities

of the following gases are :

Hydrogen 0-00008988-^

Oxygen 00014291

Nitrogen 0-0012507

Atmospheric nitrogen 0-0012571

Air 00012930

whence the corresponding values of C in absolute units can

be readily calculated.

All questions with regard to the behaviour of a substance

when subjected to changes of temperature, volume, and

pressure are completely answered by the characteristic

equation of the substance.

§ 12. Behaviour under Constant Pressure (Isopiestio

or Isobaric Changes).
—

Coefficient of expansion is the name

given to the ratio of the increase of volume for a rise of

temperature of 1° C. to the volume at 0° C. This increase

CM
for a perfect gas is, according to (5), . The same equa-

tion (5) gives the volume of the gas at 0° C. as x 273,

hence the ratio of the two quantities, or the coefficient of

expansion, is
._, ] .;

= a.

§ 13. Behaviour at Constant Volume (Isochoric or

Isopycnic Changes).
—The pressure coefficient is the ratio

of the increase of pressure for a rise of temperature of 1" to

the pressure at 0° C. For a perfect gas, this increase, accord-

c]\r CM
ing -to equation (5), is -^. The pressure at 0° C. is —y- x 273,

whence the required ratio, i.e. the pressure coefficient, is
^^j-o,

therefore equal to the coefficient of expansion a.

§ 14. Behaviour at Constant Temperature (Isother-

mal Changes).
—

Coefficient of elasticitij is the ratio of an
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infinitely small increase of pressure to the resulting con-

traction of unit volume of the substance. In a perfect gas,

according to equation (5), the contraction of volume V, in

consequence of an increase of pressure dp, is

„, CM0, V,— rf V =—s- dp = —
dp.

p^
-^

p
"^

The contraction of unit volume is therefore

_dY _dp
Y

~
p'

and the coefficient of elasticity of the gas is

dp

dl=i''
V

that is, equal to the pressure.

The reciprocal of the coefficient of elasticity, i.e. the ratio

of an infinitely small contraction of unit volume to the

corresponding increase of pressure, is called the coefficient

of compressibility.

§ 15. The three coefficients which characterize the be-

haviour of a substance subject to isopiestic, isopycnic, and

isothermal changes are not independent of one another,

but are in every case connected by a definite relation.

The general characteristic equation, on being diflerentiated,

gives

where the suffixes indicate the variables to be kept constant

while performing the diiferentiation. By putting dp = Q

we impose the condition of an isopiestic change, and obtain

the relation between dv and dO in isopiestic processes :
—

\dvX
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For every state of a substance, one of the three

coefficients, viz. of expansion, of pressure, or of compres-

sibility, may therefore be calculated from the other two.

Take, for example, mercury at 0° C. and under atmo-

spheric pressure. Its coefficient of expansion is (§ 12)

i^-^, . i = 0-00018,

its coefficient of compressibility in atmospheres (§ 14) is

- (P) - = 0-000003,

therefore its pressure coefficient in atmospheres (§ 13) is

(^P\ = - (^P\ (^^\ - - ^Ep - M^OIS _ fio

\de), \dv),'\W~ (dv\
~

0-000003
~^'

i;,^p/

This means that an increase of pressure of 60 atmospheres
is required to keep the volume of mercury constant when
heated from 0° C. to 1° C.

§ 16. Mixture of Perfect Gases.—If any quantities of

the same gas at the same temperatures and pressures be

at first separated by partitions, and then allowed to come

suddenly in contact with another by the removal of these

partitions, it is evident that the volume of the entire system
will remain the same and be equal to the sum-total of the

partial volumes. Starting with quantities of different gases,

experience still shows that, when pressure and temperature
are maintained uniform and constant, the total volume

continues equal to the sum of the volumes of the con-

stituents, notwithstanding the slow process of intermingling—diffusion—which takes place in this case. Diffusion goes
on until the mixture has become at every point of precisely

the same composition, i.e. physically homogeneous.

§ 17. Two views regarding the constitution of mixtures

thus formed present themselves. Either we might assume
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that the individual gases, while mixing, split into a large

number of small portions, all retaining their original volumes

and pressures, and that these small portions of the difterent

gases, without penetrating each other, distribute themselves

evenly throughout the entire space. In the end each gas
would still retain its original volume (partial volume), and

all the gases would have the same common pressure. Or,

we might suppose
—and this view will be shown below (§ 32)

to be the correct one—that the individual gases change
and interpenetrate in every infinitesimal portion of the

volume, and that after diffusion each individual gas, in so

far as one may speak of such, fills the total volume, and is

consequently under a lower pressure than before diffusion.

This so-called partial pressure of a constituent of a gas
mixture can easily be calculated.

§ 18. Denoting the quantities referring to the individual

gases by suffixes— and
^J requiring no special designation,

as they are supposed to be the same for all the gases,
— the

characteristic equation (5) gives for each gas before

diftusion

CiMiO C2M20

The total volume,

V = Vi + V2 + .

remains constant during diffusion. After difi'usion we as-

cribe to each gas the total volume, and hence the partial

pressures become

CiMifl Vi C2M20 V2
i^i
=

y-
=
yv\ vi = —-^ =

v^';
• • . (0

and by addition

This is Ualtou's law, that in a homogeneous mixture of
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gases the pressure is equal to the sum of the partial pressures
of the gases. It is also evident that

IH -.p,: . . . = Vi : A^2 : . . . =CxMi : C^M^ . (9)

i.e. the partial pressures are proportional to the volumes of

the gases before diffusion, or to the partial volumes which

the gases would have according to the first view of diffusion

given above.

§ 19. The characteristic equation of the mixture, ac-

cording to (7) and (8), is

p = (CiMi + CM, + . .

.)|

^/CiMi + CaMa -t- .- AMg (10)

which corresponds to the characteristic equation of a perfect

gas with the following characteristic constant :
—

^ CiMi + C.2M2 + . . • n 1 ^

Hence the question as to whether a perfect gas is a

chemically simple one, or a mixture of chemically different y
gases, cannot in any case be settled by the investigation of

the characteristic equation.

§ 20. The composition of a gas mixture is defined, either

by the ratios of the masses. Mi, M2, ... or by the ratios

of the partial pressures 2h, p-i,
• • . or the partial volumes

Vi, V2, ... of the individual gases. Accordingly we

speak of per cent, by weight or by volume. Let us take

for example atmospheric air, which is a mixture of oxygen

(1) and "
atmospheric

"
nitrogen (2).

The ratio of the densities of oxygen, "atmospheric"

nitrogen and air is, according to § 11,

0-0014291 : 0012571 : 0-0012930 = ^
•

q
•

^
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Taking into consideration, the relation (11)-

C = CiMi + C,M,

Ml + M2

we find the ratio Mi : Ma= 02998, i.e. 23-1 per cent,

by weight of oxygen and 769 per cent, of nitrogen.

Furthermore,

CiMi : C2M2 =
i^x :

i)2
= Vi : V2 = 0-2637

i.e. 209 per cent, by volume of oxygen and 79*1 per cent, of

nitrogen.

§ 21. Characteristic Equation of Other Substances.—
The characteristic equation of perfect gases, even in the

case of the substances hitherto discussed, is only an approxi-

mation, though a close one, to the actual facts. A still

further deviation from the behaviour of perfect gases is

shown by the other gaseous bodies, especially by those easily

condensed, which for this reason were formerly classed as

vaj)ours. For these a modification in the form of the

characteristic equation is necessary. It is worthy of notice,

however, that the more rarefied the state in which we observe

these gases, the less does their behaviour deviate from that

of perfect gases, so that all gaseous substances, when suffi-

ciently rarefied, may be said in general to act like j^erfect

gases. The general characteristic equation of gases and

vapours, for very large values of v, will pass over, therefore,

into the special form for perfect gases.

§ 22. We may obtain by various graphical methods an

idea of the character and magnitude of the deviations from

the ideal geiseous state. An isothermal curve may, e.g.,
be

drawn, taking v and ^ for some given temperature as the

abscissa and ordinate, respectively, of a j)oint in a plane.

The entire system of isotherms gives us a complete repre-
sentation of the characteristic equation. The more the

behaviour of the vapour in question approaches that of a

perfect gas, the closer do the isotherms approach those of

equilateral hyperbolie having the rectangular co-ordinate
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axes for asymptotes, for j)v
= const, is the equation of an

isotherm of a perfect gas. The deviation from the hyper-
bolic form yields at the same time a measure of the

departure from the ideal state.

§ 23. The deviations become still more apparent when
the isotherms are drawn taking the product j^v (instead of

p) as the ordinate and say p as the abscissa. Here a perfect

gas has evidently for its isotherms straight lines parallel to

the axis of abscissae. In the case of actual gases, however, the

isotherms slope gently towards a minimum value of pv, the

position of which depends on the temperature and the nature

of the gas. For lower pressures {i.e. to the left of the

minimum), the volume decreases at a more rapid rate, with

increasing pressure, than in the case of perfect gases ; for

higher pressures (to the right of the minimum), at a slower

rate. At the minimum point the compressibility coincides

with that of a perfect gas. In the case of hydrogen the

minimum lies far to the left, and it has hitherto been

possible to observe it only at very low temperatures.

§ 24. To van der Waals is due the first analytical formula

for the general characteristic equation, applicable also to

the liquid state. He also explained physically, on the basis

of the kinetic theory of gases, the deviations from the

behaviour of perfect gases. As we do not wish to introduce

here the hypothesis of the kinetic theory, we consider van

der Waals' equation merely as an approximate expression of

the facts. His equation is

- ^^ _ «_

V — b v^'

where R, a, and h are constants which depend on the nature

of the substance. For large values of v, the equation, as

required, passes into that of a perfect gas ;
for small values

of V and corresponding values of 9, it represents the charac-

teristic equation of a liquid.

Expressing p in atmospheres and calling the specific
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volume V uuity for = 273 and
ji
=

\.> van der Waals'

constants for carbon dioxide are

n = 0-00369 ;
a = 0-00874

;
I = 0-0023.

As the volume of 1 gr. of carbon dioxide at 0° C. and

atmospheric pressure is 505 c.c, the values of v cal-

culated from the formula must be multiplied by 505 to

obtain the specific volumes in absolute units.

§ 25. Van der Waals' equation not being sufficiently

accurate, Clausius supplemented it by the introduction of

an additional constant. Clausius' equation is

For large values of v, this too approaches the ideal

characteristic equation. In the same units as above, Clausius'

constants for carbon dioxide are :

B = 0-003688
;
a = 0000843

;
h = 0-000977

;
e = 2-0935.

Andrews' observations on the compressibility of gaseous
and liquid carbon dioxide are satisfactorily represented by
Clausius' equation.

§ 26. If we draw the system of isotherms with the aid of

Clausius' equation, employing the graphical method de-

scribed in § 22, the characteristic graphs for carbon dioxide—
Fig. 1—are obtained.* For high temperatures the isotherms

approach equilateral hyperbolae, as may be seen from equation

(12). In general, however, the isotherm is a curve of the

third degree, three values of v corresponding to one of

J). Hence, in general, a straight line parallel to the axis of

abscissae intersects an isotherm in three points, of which

two, as actually happens for large values of d, may be

imaginary. At high temperatures there is, consequently,

For the calculation and construction of the curves, I am indebted to

Dr. Richard Apt.
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only one real volume corresponding to a given pressure,

while at lower temperatures, there are three real values of

the volume for a given pressure. Of these three values

(indicated on the figure by a, )3, 7, for instance) only the

smallest (o) and the largest (y) represent practically realiz-

able states, for at the middle point (/3) the pressure along
the isotherm would increase with increasing volume, and the

comjDressibility would accordingly be negative. Such a

state has, therefore, only a theoretical signification.

§ 27. The point a corresponds to liquid carbon dioxide,

and 7 to the gaseous condition at the temperature of the

isotherm passing through the points and under the pressure
measured by the ordinates of the line a/By. In general

only one of these states is stable (in the figure, the liquid

gtate
at

a). For, if we compress gaseous carbon dioxide,

enclosed in a cylinder with a movable piston, at constant

temperature, e.g. at 20° C, the gas assumes at first states

corresponding to consecutive points on the 20° isotherm to

the extreme right. The point representative of the physical
state of the gas, then moves farther and farther to the left

until it reaches a certain place C. After this, further com-

pression does not move the point beyond (7, .but there now
takes place a partial condensation of the substance— a split-

ting into a liquid and a gaseous portion. Both parts, of course,

possess common pressure and temperature. The state of the

gaseous portion continues to be characterized by the point

G, that of the liquid portion by the point A of the same

isotherm. C is called the saturation point of carbon dioxide

gas for the particular temperature considered. Isothermal

compression beyond C merely results in precipitating more
of the vapour in liquid form. During this part of the

isothermal compression no change takes place but the con-

densation of more and more vapour ;
the internal conditions

(pressure, temperature, specific volume) of both parts of the

substance are always represented by the two points A and C.

At last, when all the vapour has been condensed, the whole
substance is in the liquid condition A, and again behaves
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as a homogeneous substance, so that further compression

gives an increase of density and pressure along the isotherm.

The substance will now pass through the point a of the

figure. On this side, as may be seen from the figure, the

isotherm is much steeper than on the other, i.e. the compressi-

bility is much smaller. At times, it is possible to follow tlje

isotherm beyond the point G towards the point -y,
and to

prepare a so-called supersaturated vapour. Then only a

more or less unstable condition of equilibrium is obtained,

as may be seen from the fact that the smallest disturbance

of the equilibrium is sufficient to cause an immediate con-

densation. The substance passes by a jump into the stable

condition. Nevertheless, by the study of supersaturated

vapours, the theoretical part of the curve also receives a

direct meaning.

§ 28. On any isotherm, which for certain values of jp

admits of three real values of v, there are, therefore, two

definite points, A and G, corresponding to the state of

saturation. The position of these points is not immediately
deducible from the graph of the isotherm. The propositions
of thermodynamics, however, lead to a simple way of finding
these points, as will be seen in § 172. The higher the tem-

perature, the smaller becomes the region in which lines

drawn parallel to the axis of abscissae intersect the isotherm

in three real points, and the closer will these three points

approach one another. The transition to the hyperbola-like

isotherms, which any parallel to the axis of abscissoe cuts

in one point only, is formed by that particular isotherm

on which the three points of intersection coalesce into one,

giving a point of inflection. The tangent to the curve at

this point is parallel to the axis of abscissae. It is called

the critical point (K of Fig. 1) of the substance, and its

position indicates the critical temperature, the critical

specific volume, and the critical pressure of the substance.

Here there is no longer any difference between the saturated

vapour and its liquid precipitate. Above the critical tempe-
rature and critical pressure, condensation does not exist,

c
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as the diagram plainly shows. Hence all attempts to

condense hydrogen, oxygen, and nitrogen necessarily failed

as long as the temperature had not been reduced below

the critical temperature, which is very low^ for these

gases.

^
§ 29. It further appears from our figure that there is

no definite boundary between the gaseous and liquid states,

since from tl^^^gion of purely gaseous states, as at C,

tha^»of purJJPJfquid Jfties, as at A, may be reached on

a circuitous path that nowhere passes through a state of

saturation—on a curve, for instance, drawn around the critical

point. Thus a vapour may be heated at constant volume

above the critical temperature, then compressed at constant

temperature below the critical volume, and finally cooled

under constant pressure below the critical temperature.
Condensation nowhere occurs in this process, which leads,

nevertheless, to a region of purely liquid states. The
earlier fundamental distinction between liquids, vapours,
and gases should therefore be dropped as no longer tenable.

A more modern proposal to denote as gaseous all states

above the critical temperature, and as vaporous or liquid

all others according as they lie to the right or left of the

theoretical regions (Fig. 1), has also this disadvantage, that

thereby a boundary is drawn between liquid and gas on

the one hand, and vapour and gas on the other hand, which

has no physical meaning. The crossing of the critical

temperature at a pressure other than the critical pressure
differs in no way from the crossing of any other temperature.

§ 30. The position of the critical point may be readily
calculated from the general characteristic equation. Accord-

ing to § 28 we have

The first of these means that the tangent to the isotherm

at K is parallel to the axis of abscissai
;
and the second, that
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the isotherm has a point of iuflection at K. On the basis

of Clausius' form of the characteristic equation (12), we
obtain for the critical point

«' =
27(^)R' ^'

=
21(i(f+tf

" = 3a + 26.'

These equations give for carbon dioxide from the above

data

= 304 = 273" + 31°, w = 77 atm., v = 227 —'.

gr-

Qualitatively, all substances conform to these regularities,

but the values of the constants differ widely.

§ 31. Kegarding the transition from the liquid to the

solid state, the same considerations hold as for that from

the gaseous to the liquid state. The system of isotherms

might be drawn for this process, and it is probable that

tlieoretical regions and a critical point would be verified

here also, if the means of experimental investigation were

adequate. A continuous passage from the liquid to the

solid state would then become possible along a path inter-

secting the critical isotherm on either side of the critical

* Obtained as follows :
—

Re _ _o
^ ~

,7^r«i e{v + h)-
^ -^

Kdvje (^v-af^eiv + hf-''
^^)

fd'P\ - 2Re 6c^ _

W>~("-")' eiv + by-''
^ ^

From (2) ami (3), v = 3a +2b (-4)

Substituting (4) in (2) and reducing, we get

And substituting (4) and (5)i(^l) and reducing, we have

°^
, , (6) Tr.

216(a + by
^ '^
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point. In fact, there are certain substances which under

ordinary pressures pass without appreciable discontinuity
from the solid to the liquid state (pitch, glass, etc.), while

others possess for a definite temj)erature a definite pressure
of liquefaction or pressure of solidification, at which the

substance splits into two portions of different densities. The

pressure of liquefaction, however, varies with temperature
at a much greater rate than the pressure of the saturated

vapour. This view is physically justified, in particular by
the experiments of Barus and Spring, in which the pressures
were varied within wide limits.

In its most complete form the characteristic equation
would comprise the gaseous, liquid, and solid states simul-

taneously. No formula of such generality, however, has as

yet been established for any substance.

§ 32. Mixtures.—While, as shown in § 19, the charac-

teristic equation of a mixture of perfect gases reduces in

a simple manner to that of its components, no such simpli-

fication takes place, in general, when substances of any
kind are mixed. Only for gases and vapours does Dalton's

law hold, at least with great approximation, that the total

pressure of a mixture is the sum of the partial pressures

which each gas would exert if it alone filled the total

volume at the given temperature. This law enables us

to establish the characteristic equation of any gas mixture,

provided that of the constituent gases be known. It also

decides the question, unanswered in § 17, whether to the

individual gases of a mixture common pressure and different

volumes, or common volume and different pressures, should

be pscribed. From the consideration of a vapour differing

widely from an ideal gas, it follows that the latter of these

views is the only one admissible. Take, for instance, atmo-

spheric air and water vapour at O'' C. under atmospheric

pressure. Here the water vapour cannot be supposed to be

subject to a pressure of 1 atm., since at 0^ C. no Mater

vapour exists at this pressure. The only choice remaining
is to assign to the air and water vapour a common volume



TEMPERATURE. 21

(that of the mixture) and different pressures (partial

pressures).
For mixtures of solid and liquid substances no law

of general validity has beeii found, that reduces the

characteristic equation of the mixture to those of its

constituents.



CHAPTER II.

MOLECULAR WEIGHT.

§ 33. In the preceding chapter only snch physical changes
have been discussed as concern temperature, pressure, and

density. The chemical constitution of the substance or

mixture in question has been left untouched. Cases are

frequent, however (much more so, in fact, than was formerly

supposed) in which the chemical nature of a substance is

altered by a change of temperature or pressure. The more

recent development of thermodynamics has clearly brought
out the necessity of establishing a fundamental difference

between physical and chemical changes such as will exclude

continuous transition from the one kind to the other {cf.

§ 42, et seq., and § 238). It has, however, as yet not been

possible to establish a practical criterion for distinguishing

them, applicable to all cases. However strikingly most

chemical processes differ from physical ones in their violence,

suddenness, develoj)ment of heat, changes of colour and

other properties, yet there are, on the other hand, numerous

changes of a chemical nature that take place with continuity
and comparative slowness; for example, dissociation. One
of the main tasks of physical chemistry in the near future

will be the further elucidation of this essential difference.*

§ 34. Experience shows that all chemical reactions take

place according to constant proportions by weight. A
* In a word, we may, in a certain sense, say, that physical changes take

place continuously, chemical ones, on the otlicr hand, discontinuously. In

consequence, the science of physics deals, primarily, with continuously vary-

ing numbers, the science of chemistry, on the contrary, with whole, or witli

simple rational numbers.
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certain weight (strictly speaking, a mass) may therefore

be used as a characteristic expression for the nature of

a given chemically homogeneous substance, whether an

element or a compound. Such a weight is called an equiva-
lent weight. It is arbitrarily fixed for one element—
generally for hydrogen at 1 gr.

—and then the equivalent

weight of any other element {e.g. oxygen) is that weight
which will combine with 1 gr. of hydrogen. The weight of

the compound thus formed is, at the same time, its equiva-
lent weight. By proceeding in this way, the equivalent

weights of all chemically homogeneous substances may be

found. The equivalent weights of elements that do not

combine directly with hydrogen can easily be determined,

since in every case a number of elements can be found that

combine directly with the element in question and also

with hydrogen.
The total weight of a body divided by its equivalent

weight is called the number of equivalents contained in the

body. Hence we may say that, in every chemical reaction,

an equal number of equivalents of the different substances

react with one another.

§ 35. There is, however, some ambiguity in the above

definition, since two elements frequently combine in more

ways than one. For such cases there would exist several

values of the equivalent weight. Experience shows, how-

ever, that the various possible values are always simple

multiples or submultiples of any one of them. The

ambiguity in the equivalent weight, therefore, reduces itself

to multiplying or dividing that quantity by a simple integer.

We must accordingly generalize the foregoing statement,

that an equal number of equivalents react with one another,

and say, that the number of equivalents that react with one

another are in simple numerical proportions. Thus 16 parts

by weight of oxygen combine with 28 parts by weight of

nitrogen to form nitrous oxide, or with 14 parts to form

nitric oxide, or with 9^ parts to form nitrous anhydride, or

with 7 parts to form nitrogen tetroxide, or with 5§ parts to
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form nitric anhydride. Any one of these numbers may be

assigned to nitrogen as its equivalent weight, if 16 be taken

as that of oxygen. They are in simple rational proportions,

since

28 : 14 : 91 : 7 : 55 = 60 : 30 : 20 : 15 : 12.

§ 36. The ambiguity in the definition of the equivalent

weight of nitrogen, exemplified by the above series of

numbers, is removed by selecting a particular one of them

to denote the molecular weight of nitrogen. In the definition

of the molecular weight as a quite definite quantity depend-

ing only on the particular state of a substance, and

independent of possible chemical reactions with other sub-

stances, lies one of the most important and most fruitful

achievements of theoretical chemistry. Its exact statement

can at present be given only for special cases, viz. for

perfect gases and dilute solutions. We need consider only

the former of these, as we shall see from thermodynamics
that the latter is also thereby determined.

The definition of the molecular weight for a chemically

homogeneous perfect gas is rendered possible by the further

empirical law, that gases combine, not only in simple

multiples of their equivalents, but also, at the same tempera-
ture and pressure, in simple volume proportions (Gay-Lussac).
It immediately follows that the number of equivalents, con-

tained in equal volumes of different gases, must bear simple
ratios to one another. The values of these ratios, however,

are subject to the above-mentioned ambiguity in the

selection of the equivalent weight. The ambiguity is,

however, removed by putting all these ratios = 1, i.e. by

establishing the condition that equal volumes of different

gases shall contain an equal number of equivalents. Thus

a definite choice is made from the different possible values,

and a definite equivalent weight obtained for the gas, which

is henceforth denoted as the molecidar weiglit of the gas. At
the same time the number of equivalents in a quantity of

the gas, which may be found by dividing the total weight

by the molecular weight, is defined as the nwmher of
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moleeuhs contained in that quantity. Hence, equal volumes

of perfect gases at the same temperature and pressure contain

an equal number of molecules (Avogadro's law). The mole-

cular weights of chemically homogeneous gases are, therefore,

directly proportional to the masses contained in equal

volumes, i.e. to the densities. The ratio of the densities is

equal to the ratio of the molecular weights.

§ 37. Putting the molecular weight of hydrogen = m^,

that of any other chemically homogeneous gas must be

equal to mo multiplied by its specific density relative to

hydrogen (§ 11). The following table gives the specific

densities relative to hydrogen, and the molecular weights of

several gases :
—

Specific Density. Molecular Weight.

Hydrogen 10 m^
Oxygen 160 .... 160 m^

Nitrogen 140 .... 140 «?<,

Water vapour .... 9-0 ... . 9-0 m^
Ammonia 8'5 85 m^

Now, since water vapour consists of 1 part by weight of

hydrogen and 8 parts by weight of oxygen, the molecule

of water vapour, 9 «io, must consist of Wo parts by weight of

hydrogen and 8 mo parts by weight of oxygen
—

i.e., according
to the above table, of one molecule of hydrogen and half a

molecule of oxygen. In the same manner ammonia, accord-

ing to analysis, consisting of 1 part by weight of hydrogen
and 4| parts by weight of nitrogen, its molecule 8*5 mo must

necessarily contain 1-5 mo parts by weight of hydrogen and

7 mo parts by weight of nitrogen
—

i.e., according to the

table, 1^ molecules of hydrogen and ^ molecule of nitrogen.

Thus Avogadro's law enables us to give in quite definite

numbers the molecular quantities of each constituent present
in the molecule of any chemically homogeneous gas, pro-

vided we know its density and its chemical composition.

§ 38. The smallest weight of a chemical element entering

into the molecules of its compounds is called an atom.
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Hence half a molecule of hydrogen is called an atom of

hydrogen, H ; similarly, half a molecule of oxygen an atom

of oxygen, ;
and half a molecule of nitrogen an atom

of nitrogen, N. The diatomic molecules of these substances

are represented by H2, O2, No. An atom of mercury, on the

contrary, is equal to a whole molecule, because in the mole-

cules of its compounds no fractions of the molecular weight
of mercury vapour occurs. It is usual to put the atomic

weight of hydrogen H = 1. Then its molecular weight
becomes Hg = ;»o = 2, and the molecular weights of our

table become :

Molecular

Weight.

Hydrogen 2 = Hj
Oxygen 32 = Oj

Nitrogen 28 = N,
Water vapour 18 = H.O
Ammonia 17 = HjN

§ 39. In general, then, the molecular weight of a

chemically homogeneous gas is twice its density relative to

hydrogen. Conversely, the molecular weight, m, of a gas

being known, its specific density, and consequently the

constant C in the characteristic equation (.5), can be calcu-

lated. Denoting all quantities referring to hydrogen by
the suffix 0, we have, at any temperature and pressure, for

hydrogen,

for any other gas at the same temperature and pres-

sure,

.'. C : Co = — :
- = mo : m,

Vo V

« = "^ on)
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Now Wo = 2, and Co is to be calculated from the density of

hydrogen at 0° C. and atmospheric pressure (§ 11).

Since - = 0-00008988, « = 1013650, = 273,

. p _ moCo _ Wo |JVo
2 . 1013650 _ 82600000

• m
~ m*0 ~m. 273. 0-00008988

~
m

Putting, for shortness, 82600000 = R, the characteristic

equation of a chemically homogeneous perfect gas of mole-

cular weight ni becomes

f = , (14)

where R, being independent of the nature of the individual

gas, is generally called the absolute gas constant. The
molecular weight may be deduced directly from the charac-

teristic equation by the aid of the constant R, since

m =
^ (15)

V
Since v = ^' we have

M
But — is the quantity defined above as the number of

. M
molecules in the eras, and, therefore, if — = «,to ' ' m

V = — "n,
p

which means that at a given temperature and pressure the

volume of a quantity of gas depends only on the number of

the molecules present, and not at all on the nature of the

gas.

§
40. In a mixture of chemically homogeneous gases of
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molecular weights iiii, m^, . . . the relation between the

partial pressures is, according to (9),

Ih' Ih' ' ' ' = CiMi : C2M2 . . .

But in (15) we have Ci = — ; C2 = — ;
. . .

Ml Ma
^ ^ mi 1112

i.e. the ratio of the partial pressures is also the ratio of the

number of molecules of each gas present. Equation (10)

gives for the total volume

^ ^ (CiMi + C2M2 + ...)e

p
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The apparent molecular weight of air may thus be calcu-

lated. Since

wji = O2 = 32
; ^2 = N2 = 28

; Mi : Ma = 0-3

we have m = tt-s ^ = 28*8,

32 "^28

which is somewhat larger than the molecular weight of

nitrogen.

§ 42. The characteristic equation of a perfect gas, whether

chemically homogeneous or not, gives, according to (16), the

total number of molecules, but yields no means of deciding
whether or not these molecules are all of the same kind. In

order to answer this question, other methods must be resorted

to, none of which, however, is practically applicable to all

cases. A decision is often reached by an observation of the

process of diifusion through a porous or, better, a semi-

permeable membrane. The individual gases of a mixture

will separate from each other by virtue of"the differences in

their velocities of diffusion, which may even sink to zero in

the case of semi-permeable membranes, and thus disclose

the inhomogeneity of the substance. The chemical consti-

tution of a gas may often be inferred from the manner in

which it originated. It is by means of the expression for

the entropy (§ 237) that we first arrive at a fundamental

definition for a chemically homogeneous gas.

§ 43. Should a gas or vapour not obey tbe laws of perfect

gases, or, in other words, should its specific density depend
on the temperature or the pressure, Avogadro's definition of

molecular weight is nevertheless applicable. The number

of molecules in this case, instead of being a constant, will

be dependent upon the momentary physical condition of the

substance. We may, in such cases, either assume the number

of molecules to be variable, or refrain from applying Avoga-
dro's definition of the number of molecules. In other words,

the cause for the deviation from the ideal state may be
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sought for either in the chemical or physical conditions. The
latter view preserA-es the chemical nature of the gas. The
molecules remain intact under changes of temperature and

pressure, but the characteristic equation is more complicated
than that of Boyle and Gay-Lussac

—like that, for example,
of van der AVaals or of Clausius. The other view differs

essentially from this, in that it represents any gas, not obey-

ing the laws of perfect gases, as a mixture of various kinds

of molecules (in nitrogen peroxide N2O4 and NO^, in j)hos-

phorus pentachloride PCI5, PCI3, and CI2). The volume of

these is supposed to have at every moment the exact value

theoretically required for the total number of molecules of

the mixture of these gases. The volume, however, does not

vary with temperature and pressure in the same way as that

of a perfect gas, because chemical reactions take place
between the different kinds of molecules, continuously alter-

ing the number of each kind present, and thereby also the

total number of molecules in the mixture. This hypothesis
has proved fruitful in cases of great differences of density

—•

so-called abnormal vapour densities—especially where, be-

yond a certain range of temperature or pressure, the specific

density once more becomes constant. When this is the

case, the chemical reaction has been completed, and for this

reason the molecules henceforth remain unchanged. Hydro-

bromamylene, for instance, acts like a perfect gas below

160"^ and above 360"^, but shows only half its former density
at the latter temperature. The doubling of the number of

molecules corresponds to the equation

CsHuBr = C5H10 + HBr.

Mere insignificant deviations from the laws of jierfect

gases are generally attributed to physical causes—as, e.g., in

water vapour and carbon dioxide—and are regarded as the

forerunners of condensation. The separation of chemical

from physical actions by a principle which would lead to a

more perfect definition of molecular weight for variable

vapour densities, cannot be accomplished at the present
time. The increase in the specific density which many
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vapours exhibit near their poiut of condensation might
just as well be attributed to such chemical phenomena as

the formation of double or multiple molecules. In fact,

diiferences of opinion exist in a number of such cases. The
molecular weight of sulphur vapour below 800°, for instance,

is generally assumed to be Se = 192
;
but some assume a

mixture of molecules Sg = 256 and S2 = 64, and others still

different mixtures. In doubtful cases it is safest, in general,

to leave this question open, and to admit both chemical

and physical changes as causes for the deviations from the

laws of perfect gases. This much, however, may be affirmed,

that for small densities the physical influences will be of far

less moment than the chemical ones, for, according to

experience, all gases approach the ideal condition as their

densities decrease (§ 21). This is an important point, which

we will make use of later.



CHxiPTER III.

QUANTITY OF HEAT.

§ 44. If we plunge a piece of iron and a piece of lead, both

of equal weight and at the same temperature (100^ C), into

two precisely similar vessels containing equal quantities of

water at 0"" C, we find that, after thermal equilibrium has

been established iu each case, the vessel containing the iron

has increased in temperature much more than that contain-

ing the lead. Conversely, a quantity of water at 100° is

cooled to a much lower temperature by a piece of iron at 0",

than by an equal weight of lead at the same temperature.
This phenomenon leads to a distinction between temperature
and quantity of heat. As a measure of the heat given out

or received by a body, we take the increase or decrease of

temperature which some normal substance {e.g. water) under-

goes when it alone is in contact with the body, provided all

other causes of change of temperature (as compression, etc.)

are excluded. The quantity of heat given out by the body
is assumed to be equal to that received by the normal sub-

stance, and vice versa. The experiment described above

proves, then, that a piece of iron in cooling through a given
interval of temperature gives out more heat than an equal

weight of lead (about four times as much), and conversely,

that, in order to bring about a certain increase of tempera-

ture, iron requires a correspondingly larger supply of heat

than lead.

§ 45. It was, in general, customary to take as the unit of

heat that quantity which must be added to 1 gr. of

water to raise its temperature from 0^ C. to 1° C. (zero
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calorie). This is almost equal to the quantity of heat which

will raise 1 gr. of water V C. at auy temperature. The
refinement of calorimetric measurements has since made it

necessary to take account of the initial temperature of the

water, and it is often found convenient to define the calorie

as that quantity of heat which will raise 1 gr. of water

of mean laboratory temperature (15' to 20") 1 degree of

the Centigrade scale. This laboratory calorie is about

I'OOfi
^^ ^ ^^^° calorie. Finally, a mean calorie has been

introduced, namely, the hundredth part of the heat required
to raise 1 gr. of water from 0° C. to 100° C. The mean
calorie is about equal to the zero calorie. Besides these

so-called small calories, there are a corresponding number
of large or kilogram calories, which contain 1000 small

calories.

§ 46. The ratio of Q, the quantity of heat each gram
of a substance receives, to Ad, the corresponding increase of

temperature, is called the mean specifie heat, or mean heat

capacity of 1 gr. of the substance between the initial and

final temperatures of the process
—

Hence, the mean heat capacity of water between 0° and

1° is equal to one zero calorie.

Passing to infinitely small differences of temperature,
the specific heat of a substance, at the temperature B,

becomes

^-c

This, in general, varies with temperature, but very slowly
for most substances. It is usually permissible to put the

specific heat at a certain temperature equal to the mean

specific heat of an adjoining interval of moderate size.

§ 47. The heat capacity of solids and liquids is very
D
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nearly independent of any variations of external pressure
that may take place during the process of heating. Hence
the definition of the heat capacity is not, usually, encumbered

with a condition regarding pressure. The specific heat of

gases, however, is influenced considerably by the conditions

of the heating process. In this case the definition of

specific heat would, therefore, be incomplete without some

statement as to the accompanying conditions. Neverthe-

less, we speak of the specific heat of a gas, without further

specification, when we mean its specific heat at constant

(atmospheric) pressure, as this is the value most readily

determined.

§
48. That the heat capacities of different substances

should be referred to unit mass is quite arbitrary. It arises

from the fact that quantities of matter can be most easily

compared by weighing them. Heat capacity might, quite
as well, be referred to unit volume. It is more rational to

compare masses which are proportional to the molecular

and atomic weights of substances, for then certain regu-
larities at once become manifest. The corresjjonding heat

capacities are obtained by multiplying the specific heats

(per unit mass) by the molecular or atomic weights. The
values thus obtained are known as the molecular or atomic

heats.

§ 49. The chemical elements, especially those of high
atomic weight, are found to have nearly the constant atomic

heat of 6*4 (Dulong and Petit). It cannot be claimed that

this law is rigorously true, since the heat capacity depends
on the molecular constitution, as in the case of carbon, and

on the state of aggregation, as in the case of mercury, as

well as on the temperature. The effect of temperature is

especially marked in the elements, carbon, boron, and

silicon, which show the largest deviations from Dulong
and Petit's law. The conclusion is, however, justified, that

Dulong and Petit's law is founded on some more general
law of nature, which has not yet been formulated.
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§ 50. Similar regularities, as appear in the atomic heats of

elements, are also found in the molecular heats of compounds,

especially with compounds of similar chemical constitution.

According to F. Neumann's law, subsequently confirmed by

Kegnault, compounds of similar constitution, when solid,

have equal molecular heats. Joule and Woestyn further

extended this law by showing that the molecular heat is

merely the sum of the atomic heats, or that in any com-

bination every element preserves its atomic heat, whether

or not the latter be 6*4^ according to Dulong and Petit's

law. This relation also is only approximately true.

§ 51. Since all calorimetric measurements, according to

§ 44, extend only to quantities of heat imparted to bodies or

given out by them, they do not lead to any conclusion as

to the total amount of heat contained in a body of given

temperature. It would be absurd to define the heat con-

tained in a body of given temperature, density, etc., as the

number of calories absorbed by the body in its passage from

some normal state into its present state, for the quantity
thus defined would assume diflerent values according to the

way in which the change was effected. A geis at 0"^ and

atmospheric pressure can be brought to a state where its

temperature is 100" and its pressure 10 atmospheres, either

by heating to 100° under constant pressure, and then com-

pressing at constant temperature; or by compressing

isothermally to 10 atmospheres, and then heating isopie-

stically to 100°; or, finally, by compressing and heating

simultaneously or alternately in a variety of ways. The
total number of calories absorbed would in each case be

different (§ 77). It is seen, then, that it is useless to speak
of a certain quantity of heat which must be applied to a

body in a given state to bring it to some other state. If

the " total heat contained in a body
"

is to be expressed

numerically, as is done in the kinetic theory of heat, where

the heat of a body is defined as the total energy of its

internal motions, it must not be interpreted as the sum-

total of the quantities of heat applied to the body. As we
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shall make no use of this quantity in our present work, no

definition of it need be attempted.

§ 52. In contrast to the above representation of the facts,

the older (Oarnot's) theory of heat, which started from the

hypothesis that heat is an indestructible substance, neces-

sarily reached the conclusion that the " heat contained in a

body
"
depends solely on the number of calories absorbed

or given out by it. The heating of a body by other means

than direct application of heat, by compression or by friction

for instance, according to that theory produces no change in

the "total heat." To explain the rise of temperature which

takes place notwithstanding, it was necessary to make the

assumption that compression and friction so diminish the

body's heat capacity, that the same amount of heat now

produces a higher temperature, just as, for example, a

moist sponge appears more moist if compressed, although
the quantity of liquid in the sponge remains the same. In

the meantime, Rumford and Davy proved by direct experi-

ment that bodies, in which any amount of heat can be

generated by an adequate expenditure of work, do not in

the least alter their heat capacities with friction. Regnault,

likewise, showed, by accurate measurements, that the lieat

capacity of gases is independent of or only very slightly

dependent on volume
;

that it cannot, therefore, diminish,

in consequence of compression, as much as Carnot's theory
would require. Finally, AV. Thomson and Joule have

demonstrated by careful experiments that a gas, when ex-

panding without overcoming external pressure, undergoes
no change of temperature, or an exceedingly small one

(c/- § '^0)5 so that the cooling of gases generally observed

when they expand is not due to the increase of volume per

se, but to the work done in the expansion. Each one of

these experimental results would by itseK be sufficient to

disprove the hypothesis of the indestructibility of heat, and

to overthrow the older theory.

§ 53. While, in general, the heat capacity varies con-

tinuously with temperature, every substance possesses,
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under certain external pressures, so-called singular values

of temperature, for which the heat capacity, together
with other properties, is discontinuous. At such tempera-
tures the heat absorbed no longer affects the entire body,
but only one of the parts into which it has split ; and it no

longer serves to increase the temperature, but simply to

alter the state of aggregation, i.e. to melt, evaporate, or
• sublime. Only when the entire substance has again become

homogeneous will the heat imparted produce a rise in

temperature, and then the heat capacity becomes once mora

capable of definition. The quantity of heat necessary to

change 1 gram of a substance from one state of aggregation
to another is called the latent heat, in particular, the heat of

fusion, of vajwrization, or of suUimation. The same amount
of heat is set free when the substance returns to its former

state of aggregation. Latent heat, as in the case of specific

heat, is best referred, not to unit mass, but to molecular or

atomic weight. Its amount largely depends on the external

conditions under which the process is carried out (§ 47),

constant pressure being the most important condition.

§ 54. Like the changes of the state of aggregation, all

processes involving mixture, or solution, and all chemical

reactions are accompanied by an evolution of heat of greater

or less amount, which varies according to the external con-

ditions. This we shall henceforth designate as the heat

effect (Warmetonung) of the process under consideration, in

particular as the heat of mixture, of solution, of combina-

tion, of dissociation, etc. It is reckoned i^ositive when heat

is set free or developed, i.e. given out by the body (exo-

thermal processes) ; negative, when heat is absorbed, or

rendered latent, i.e. taken up by the body (endothermal

processes).
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PART II.

The First Fundamental Principle of

Thermodynamics.

CHAPTEE T.

GENERAL EXPOSITION.

§ 55. The jirst law of thermodynamics is nothing more

than the principle of the conservation of energy applied
to phenomena involving the production or absorption of

heat. Two ways lead to a deductive proof of this principle.

AVe may take for granted the correctness of the mechanical

view of nature, and assume that all changes in nature can

be reduced to motions of material points between which

there act forces which have a potential. Then the principle

of energy is simply the well-known mechanical theorem of

kinetic energy, generalized to include all natural processes.

Or we may, as is done in this work, leave open the question

concerning the possibility of reducing all natural processes
to those of motion, and start from the fact which has been

tested by centuries of human experience, and repeatedly

verified^iz. that it is in no way possible, either hy mechanical,

thermal, chemical, or other devices, to obtain perpetual motion,

i.e. it is impossible to construct an engine which will work

in a cycle and produce continuous work, or kinetic energy,
from nothing. We shall not attempt to show how this single
fact of experience, quite independent of the mechanical

view of nature, serves to prove the principle of energy in

its generality, mainly for the reason that the validity of

the energy principle is. nowadays no longer disputed. It
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will be different, however, in the case of tlie second law of

thermodynamics, the proof of which, at the present stage
of the development of our subject, cannot be too carefully-

presented. The general validity of this law is still con-

tested from time to time, and its significance variously

interpreted, even by the adherents of the principle.

§ 56. The energy of a body, or system of bodies, is

a magnitude depending on the momentary condition of

the system. In order to arrive at a definite numerical

expression for the energy of the system in a given state,

it is necessary to fix upon a certain normal arbitrarily

selected state (e.g. 0° C. and atmospheric pressure). The

energy of the system in a given state, referred to the

arbitrarily selected normal state, is then equal to the alge-

hraie sum of the meehameal equivalents of all the effects

produced outside the system when it passes in any way from
the given to the normal state. The energy of a system is,

therefore, sometimes briefly denoted as the faculty to

produce external effects. Whether or not the energy of a

system assumes different values according as the transition

from the given to the normal state is accomplished in

different ways is not implied in the above definition. It

will be necessary, however, for the sake of completeness,
to explain the term " mechanical equivalent of an external

effect."

§ 57. Should the external effect be mechanical in nature

— should it consist, e.g.,
in lifting a weight, overcoming

atmospheric pressure, or producing kinetic energy
—then

its mechanical equivalent is simply equal to the mechanical

work done by the system on the external body (weight,

atmosphere, projectile). It is positive if the displacement
take place in the direction of the force exercised by the

system
—when the weight is lifted, the atmosphere pushed

back, the projectile discharged,
—

negative in the opposite

sense.

But if the external effect be thermal in nature—if it

consist, e.g.,
in heating surrounding bodies (the atmosphere,
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a calorimetric liquid, etc.)
—then its mechanical equivalent is

equal to the number of calories which will produce the same

rise of temperature in the surrounding bodies multiplied

by an absolute constant, which depends only on the units

of heat and mechanical work, the so-called meclianical

equivalent of heat. This proposition, which appears here

only as a definition, receives through the principle of the

conservation of energy a physical meaning, which may be

put to experimental test.

§ 58. The Principle of the Conservation of Energy
asserts, generally and exclusively, that the energy of a

system in a given state,, referred to a fixed normal state,

has a quite drfferenlr value
;
in other words—substituting

the definition given in § 56—that the algebraic sum of the

mechanical equivalents of the external effects produced
outside the system, when it passes from the given to the

normal state, is independent of the manner of the trans-

formation. On passing into the normal state the system
thus produces a definite total of effects, as measured in

mechanical units, and it is this sum— the "work-value"

of the external effects—that represents the energy of the

system in the given state.

§ 59. The validity of the principle of the conservation

of energy may be experimentally verified by transferring a

system in various ways from a given state to a certain other

state, which may here be designated as the normal state,

and measuring the mechanical equivalents of all external

effects in each case. Special care must be taken, however,
that the initial state of the system is the same each time,

and that none of the external effects is overlooked or taken

into account more than once.

§ 60. As a first application we shall discuss Joule's famous

experiments, in which the external effects produced by

weights falling from a certain height were compared, first,

when performing only mechanical work [e.g. lifting a load),

and second, when by suitable contrivances generating heat
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by friction. The initial and final position of the weights

may be taken as the two states of the system, the work or

heat produced, as the external effects. The first case,

where the weights produce only mechanical work, is simple,
and requires no experiment. Its mechanical equivalent is

the product of the sum of the weights, and the height

through which they fall. The second case requires accurate

measurement of the increase of temperature, which the

surrounding substances (water, mercury) undergo in conse-

quence of the friction, as well as of their heat capacities, for

the determination of the number of calories which will

produce in them the same rise of temperature. It is, of

course, entirely immaterial what our views may be with

regard to the details of the frictional generation of heat, or

with regard to the ultimate form of the heat thus generated.
The only point of importance is that the state produced
in the liquid by friction is identical with a state produced

by the absorption of a definite number of calories.

Joule, by equating the mechanical work, corresponding
to the fall of the weights, to the mechanical equivalent of

the heat produced by friction, showed that the mechanical

equivalent of a gram-calorie is, under all circumstances,

equal to the work done in lifting a weight of a gram through
a height of 423-55 meters. That all his experiments with

different weights, different calorimetric substances, and

different temperatures, led to the same value, goes to prove
the correctness of the principle of the conservation of

energy.

§ 61. In order to determine the mechanical equivalent
of heat in absolute units, we must bear in mind that Joule's

result refers to laboratory calories (§ 45), and the readings
of a mercury thermometer. At the temperature of the

laboratory, Y of the mercury thermometer represents about

iWr *^^ ^° ^^ ^^^^ ^^^ thermometer. A calorie referred to

the gas thermometer has, therefore, a mechanical equivalent
of 423-55 X 1-007 = 427.
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The acceleration of gravity must also be considered,

since raising a gram to a certain height represents, in

general, different amounts of work in different latitudes.

The absolute value of the work done is obtained by multi-

plying the weight, i.e. the product of the mass and the

acceleration of gravity, by the height of fall. The follow-

ing table gives the mechanical equivalent of heat in tlie

different calories :
—

Unit of heat referred to

gas thennometer.
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to a state 2, we should, according to the definition of the

energy in § 58, have to measure Ui as well as U2 by the

mechanical equivalent of the external effects produced in

passing from the given states to the normal state. But,

supposing we so arrange matters that the system passes

from state 1, through state 2, into the normal state, it is

evident then that Ui —
TJg is simply the mechanical equiva-

lent of the external effects produced in passing from 1 to 2.

The decrease of the energy of a system subjected to any

change is, then, the mechanical equivalent of the external

effects resulting from that change ; or, in other words, the

increase of the energy of a system which undergoes any

change, is equal to the mechanical equivalent of the heat

absorbed and the work expended in producing the change :

U2-Ui = Q + W (17)

Q is the mechanical equivalent of the heat absorbed by the

system, e.g. by conduction, and W is the amount of work

expended on the system. W is positive if the change takes

place in the direction of the external forces. The sum

Q + W represents the mechanical equivalent of all the

tliermal and mechanical operations of the surrounding
bodies on the system. We shall use Q and W always in

this sense.

The value of Q + W is independent of the manner of

the transition from 1 to 2, and evidently also of the selec-

tion of the normal state. When differences of energy of

one and the same system are considered, it is, therefore, not

even necessary to fix upon a normal state. In the expres-

sion for the energy of the system there remains then an

arbitrary additive constant undetermined.

§ 64. The difference U2 - Ui may also be regarded as

the energy of the system in state 2, referred to state 1 as

the normal state. For, if the latter be thus selected, then

Ui = 0, since it takes no energy to change the system from

1 to the normal state, and Ug - Ui = U2. The normal
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state is, therefore, sometimes called the state of zero

energy.

§ 65. States 1 and 2 may I e identical, in which case the

system changing from 1 to 2 passes through a so-called

cycle of ojjcrations. In this case,

U2 = UiandQ + W = . . . (18)

The mechanical equivalent of the external effects is zero, or

the external heat effect is equal in magnitude and opposite
in sign to the external work. This proposition shows the

impracticability of perpetual motion, which necessarily

presupposes engines working in complete cycles.

§ 66. If no external effects (Q = 0, W =
0) be produced

by a change of state of the system, its energy remains

constant (conservation of the energy). The quantities, on

which the state of the system depends, may undergo con-

siderable changes in this case, but they must obey the

condition U = const.

A system which changes without being acted on by
external agents is called a perfect system. Strictly speak-

ing, no perfect system can be found in nature, since there

is constant interaction between all material bodies of the

universe. It is, however, of importance to observe that by
an adequate choice of the system which is to undergo the

contemplated change, we have it in our power to make
the external effect as small as we please, in comparison
with the changes of energy of portions of the system itself.

Any particular external effect may be eliminated by making
the body which produces this effect, as well as the recipient,

a part of the system under consideration. In the case of a

gas which is being compressed by a weight sinking to a

lower level, if the gas by itself be the system considered,

the external effect on it is equal to the work done by the

weight. The energy of the system accordingly increases.

If, however, the weight and the earth be considered parts of

the system, all external effects are eliminated, and the
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energy of this system remains constant. The expression
for the energy now contains a new term representing the

potential energy of the weight. The loss of the potential

energy of the weight is exactly compensated by the gain
of the internal energy of the gas. All other cases admit

of similar treatment.



CHAPTER II.

APPLICATIONS TO HOMOGENEOUS SYSTEMS.

§ 67. We shall now apply the first law of thermodynamics
as expressed in equation (17),

U2- [Ji = Q + W,

to a homogeneous substance, whose state is determined,

besides by its chemical nature and mass M, by two vari-

ables, the temperature and the volume V, for instance.

The term liomogeneous is used here in the sense of physicaUy

liomogeneous, and is applied to any system which appears
of completely uniform structure throughout. The sub-

stance may be chemically homogeneous, i.e. it may consist

entirely of the same kind of molecules, or chemical trans-

formations may take place at some stage of the process,

as, for example, in the case of a vapour, which partially

dissociates on being heated. The homogeneous state must,

however, be a single valued function of the temperature
and the volume. As long as the system is at rest, the

total energy consists of the so-called internal energy U,
which depends only on the internal state of the substance

as determined by its density and temperature, and on its

mass, to which it is evidently proportional. In other cases

the total energy contains, besides the internal energy U,
another term, namely, the kinetic energy, which is known
from the principles of mechanics.

In order to determine the functional relation between U,

d, and V, the state of the system must be changed, and the

external effects of this change calculated. Equation (17)

then gives the corresponding change of energy.
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§ 68. If a gas, initially at rest and at uniform temperature,
be allowed to suddenly expand by the opening of a stopcock,
which makes communication with a previously exhausted

vessel, a number of intricate mechanical and thermal

changes will at first take place. The portion of the gas

flowing into the vacuum is thrown into violent motion, then

heated by impact against the sides of the vessel and by

compression of the particles crowding behind, while the

portion remaining in the first vessel is cooled down by

expansion, etc. Assuming the walls of the vessels to be

absolutely rigid and non-conducting, and denoting by 2 any

particular state after communication between the vessels

has been established, then, according to equation (17), the

total energy of the gas in state 2 is precisely equal to that

in state 1, for neither thermal nor mechanical forces have

acted on the gas from without. The reaction of the walls

does not perform any work. The energy in state 2 is,

in general, composed of many parts, viz. the kinetic and

internal energies of the gas particles, each one of which, if

taken sufficiently small, may be considered as homogeneous
and uniform in temperature and density. If we wait until

complete rest and thermal equilibrium have been re-estab-

lished, and denote this state by 2, then in 2, as in 1, the tutal

energy consists only of the internal energy U, and we have

U2 = Ui. But the variables B and V, on which U depends,
liave passed from B\, Yi to 02> V2, where V2 > Vi. By
measuring the temperatures and the volumes, the relation

between the temperature and the volume in processes where

the internal energy remains constant may be established.

§ 69. Joule performed such an experiment as described,

and found that for perfect gases Bi = Bi. He put the two

communicating vessels, one filled with air at high pressure,

the other exhausted, into a common water-bath at the

same temperature, and found that, after the air had ex-

panded and equilibrium had been established, the change
of temperature of the water-bath was inappreciable. It

immediately follows that, if the walls of the vessels were
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non-conductiug, tlie final temperature of the total mass of

the gas would be equal to the initial temperature ;
for other-

wise the change in temperature would have communicated

itself to the water-bath in the above experiment.

Hence, if the internal energy of a nearly perfect gas
remains unchanged after a considerable change of volume,

then its temperature also remains almost constant. In other

words, the internal energy of a ])erfect (/as depends only on the

temperature, and not on the volume.

§ 70. For a conclusive proof of this important deduc-

tion, much more accurate measurements are required. In

Joule's experiment described above, the heat capacity of

the gas is so small compared with that of the vessel and the

water-bath, that a considerable change of temperature in

the gas would have been necessary to produce an appreciable

change of temperature in the water. More reliable results

are obtained by a modification of the above method devised

by Sir William Thomson (Lord Kelvin), and used by him,

along with Joule, for accurate measurements. Here the

outflow of the gas is artificially retarded, so that the gas

passes immediately into its second state of equilibrium.

The temperature Bo. is then directly measured in the stream

of outflowing gas. No limited quantity of gas rushes

tumultuously into a vacuum, but a gas is slowly transferred

in a steady flow from a place of high pressure, pi, to one of

low pressure, p^ (the atmosphere), by forcing it through a

boxwood tube stopped at one part of its length by a porous

plug of cotton wool or filaments of silk. The results of the

experiment show that when the flow has become steady there

is, for air, a very small change of temperature, and, for hydro-

gen, a still smaller, hardly appreciable change. Hence the

conclusion appears justified, that, for a perfect gas, the

change of temperature vanishes entirely.

This leads to an inference with regard to the internal

energy of a perfect gas. When, after the steady state of

the process has been established, a certain mass of the gas
has been completely pushed through the plug, it has been
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operated upon by external agents during its change from

the volume, Vi, at high pressure, to the larger volume, V2,

at atmospheric pressure. The mechanical equivalent of

these operations, Q + W, is to be calculated from the

external changes. The state of the porous plug remains

the same throughout ;
hence the processes that take place

in it may be neglected. No change of temperature occurs

outside the tube, as the material of which it is made is

practically non-conducting ;
hence Q = 0. The mechanical

work done by a piston in pressing the gas through the plug
at the constant pressure i^x

is evidently ^^iVi, and this for a

perfect gas at constant temperature is, according to Boyle's

law, equal to the work ^2V2, which is gained by the

escaping gas pushing a second piston at pressure f-i through
a volume V2. Hence the sum of the external work W is

also zero, and therefore, according to equation (17), 1/2= Vx.

As the experimental results showed the temperature to be

practically unchanged while the volume increased very con-

siderably, the internal energy of a perfect gas can depend

only on the temperature and not on the volume, i.e..

For nearly perfect gases, as hydrogen, air, etc., the

actual small change of temperature observed shows how far

the internal energy depends on the volume. It must,

however, be borne in mind that for such gases the external

work,

w=i)iVi-i.2y2,

does not vanish ; hence the internal energy does not remain

constant. For further discussion, see § 158.

§ 71. Special theoretical importance must be attached to

those thermodynamical processes which progress infinitely

slowly, and which, therefore, consist of a succession of

states of equilibrium. Strictly speaking, this expression is

vague, since a process presupposes changes, and, therefore,

disturbances of equilibrium. But where the time taken is

E
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immaterial, and the result of the process aloue of con-

sequence, these disturbances may be made as small as we

please, certainly very small in comparison with the other

quantities which characterize the state of the system under

observation. Thus, a gas may be compressed very slowly to

any fraction of its original volume, by making the external

pressure, at each moment, just a trifle greater than the

internal pressure of the gas. Wherever external pressure
enters—as, for instance, in the calculation of the work of

compression
—a very small error will then be committed, if

the pressure of the gas be substituted for the external

pressure. On passing to the limit, even that error vanishes.

In other words, the result obtained becomes rigorously
exact for infinitely slow compression.

This holds for compression at constant as well as at

variable pressure. The latter may be given the required
value at each moment by the addition or removal of small

weights. This may be done either by hand (by pushing

weights to one side), or by means of some automatic device

which acts merely as a release, and therefore does not con-

tribute towards the work done.

§ 72, The conduction of heat to and from the system may
be treated in the same way. When it is not a question of

time, but only of the amount of heat received or given out

by the system, it is sufficient, according as heat is to be

added to or taken from the system, to connect it with a heat-

reservoir of slightly higher or lower temperature than that

of the system. This small difference serves, merely, to

determine the direction of the flow of the heat, while its

magnitude is negligible compared with the changes of the

system, which result from the process. We, therefore, speak
of the conduction of heat between bodies of equal tempera-

ture, just as we speak of the compression of a gas by an

external pressure equal to that of the gas. This is merely

anticipating the result of passing to the limit from a small

finite difference to an infinitesimal difference of temperature
between the two bodies.
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This applies not only to strictly isothermal processes,
but also to those of varying temperature. One heat-reser-

voir of constant temperature will not suffice for carrying
out the latter processes. These will require either an

auxiliary body, the temperature of which may be arbitrarily

changed, e.g. a gas that can be heated or cooled at pleasure

by compression or expansion ;
or a set of constant-tempera-

ture reservoirs, each of different temperature. In the latter

case, at each stage of the process we apply that particular

heat-reservoir whose temperature lies nearest to that of the

system at that moment.

§ 73. The value of this method of viewing the process
lies in the fact that we may imagine each infinitely slow

process to be carried out also in the opposite direction. If

a process consist of a succession of states of equilibrium
with the exception of very small changes, then evidently a

suitable change, quite as small, is sufficient to reverse the

process. This small change will vanish when we pass over

to the limiting case of the infinitely slow process, for a

definite result always contains a quite definite error, and if

this error be smaller than any quantity, however small, it

must be zero.

§ 74. We pass now to the application of the first law to

a process of the kind indicated, and, therefore, reversible in

its various parts. Taking the volume V (abscissa) and

the pressure p (ordinate) as the independent variables, we

may graphically illustrate our process by plotting its suc-

cessive states of equilibrium in the form of a curve in the

plane of the co-ordinates. Each point in this plane corre-

sponds to a certain state of our system, the chemical

nature and mass of which are supposed to be given, and

each curve corresponds to a series of continuous changes
of state. Let the curve a from 1 to 2 represent a reversible

process which takes the substance from a state 1 to a state 2

(Fig. 2). Along a, according to equation (17), the increase

of the energy is

U2 - Ui = W + Q,
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whereW is the mechanical work expended on the substance,

and Q the total heat absorbed by it.

§ 75. The value of W can be readily determined. W is

made up of the elementary quantities of work done on the

system during the infinitesimal changes corresponding to

the elements of arc of the curve a. The external pressure

is at any moment equal to that of the substance, since the

process is supposed to be reversible. Consequently, by the

.V

Fig. 2.

laws of hydrodynamics, the work done by the external

forces in the infinitely small change is equal to the product
of the pressure ]),

and the decrease of the volume, — <ZV, no

matter what the geometrical form of the surface of the

body may be. Hence the external work done during the

whole process is

W = -
/>^v, (20)

in which the integration extends from 1 to 2 along the

curve a. If
'p

be positive, as in the case of gases, and

'V2 >Vi as in Fig. 2, W is negative.
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In order to perform the integration, the curve a, i.e. the

relation between 'p and V, must be known. As long as only
the points 1 and 2 are given, the integral has no definite

value. In fact, it assumes an entirely different value along
a diiferent curve, /3, joining 1 and 2. Therefore i^dN is

not a perfect differential. Mathematically this depends on
the fact that p is in general not only a function of Y, but

also of another variable, the temperature 0, which also changes

along the path of integration. As long as a is not given,
no statement can be made with regard to the relation be-

tween % and V, and the integration cannot be performed.
The external work, W, is evidently represented by the

area (taken negative) of the plane figure bounded by the

curve a, the ordinates at 1 and 2, and the axis of abscissae.

This, too, shows that W depends on the path of the curve

a. Only for infinitesimal changes, i.e. when 1 and 2 are

infinitely near one another and a shrinks to a curve element,
is W determined by the initial and final points of the

curve alone.

§ 76. The second measurable quantity is Q, the heat

absorbed. It may be determined by calorimetric methods

in calories, and then expressed in mechanical units by mul-

tiplying by the mechanical equivalent of heat. We shall

now consider the theoretical determination of Q. It is, like

W, the algebraical sum of the infinitely small quantities of

heat added to the body during the elementary processes

corresponding to the elements of the curve a. Such an

increment of heat cannot, however, be immediately calculated,

from the position of the curve element in the co-ordinate

plane, in a manner similar to that of the increment of work.

To establish an analogy between the two, one might, in

imitation of the expression
—

_pfZV, put the increment of

heat = CfZ0, where dQ is the increment of temperature, and

C the heat capacity, which is usually a finite quantity.

But C has not, in general, a definite value. It does not

depend, as the factor
j:>

in the expression for the increment

of work, alone on the momentary state of the substance, i.e.
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on the position of the point of the curve considered, but

also on the direction of the curve element. In isothermal

changes C is evidently = ± oo, because dB = 0, and the

heat added or withdrawn is a finite quantity. In adiabatic

changes C = 0, for here the temperature may change in

any way, while no heat is added or withdrawn. For a given

point, C may, therefore, in contradistinction to p, assume

all values between + oo and — cc. (Cf. § 47.) Hence the

analogy is incomplete in one essential, and does not, in the

general case, simplify the problem in hand. We shall also

find that the breaking up of the heat absorbed into the two

factors B and d<P (§ 120), is permissible only in some very

special cases.

§ 77. Although the value of Q cannot, in general, be

directly determined, equation (17) enables us to draw some

important inferences regarding it. Substituting the value

of W from equation (20) in equation (17), we obtain

Q = U2-Ux+
fpdY,.

. . . (21)

which shows that the value of Q depends not only on the

position of the points 1 and 2, but also on the connecting

path (a or /3). Garnet's theory of heat cannot be reconciled

with this proposition, as we have shown at length in

§§ 51 and 52.

§ 78. The complete evaluation of Q is possible in the

case where the substance returns to its initial state, having

gone through a cycle of operations. This might be done by
first bringing the system from 1 to 2 along a, then back

from 2 to 1 along f3. Then, as in all cycles (§ 65),

Q= -W.
The external work is

W = -
r^dY,

the integral to be taken along the closed curve Ia2j31.
W evidently represents the area bounded by the curve,



APPLICATIONS TO HOMOGENEOUS SYSTEMS. 55

and is positive if the process follows the direction of the

arrow in Fig. 2.

§ 79. We shall now consider the special case where the

curve a, which characterizes the change of state, shrinks

into an element, so that the points 1 and 2 lie infinitely
near one another. W here becomes the increment of work,
— pdY, and the change of the internal energy is dXJ.

Hence, according to (21), the heat absorbed assumes the

value :
*

Per unit mass, this equation becomes

q = clii + pdv, (22)

where the small letters denote the corresponding capitals

divided by M. In subsequent calculations it will often be

advisable to use as an independent variable, either in

conjunction with p, or v. We shall, in each case, select as

independent variables those which are most conducive to a

simplification of the problem in hand. The meaning of the

difi*erentiation will be indicated whenever a misunderstand-

ing is possible.

We shall now apply our last equation (22) to the most

important reversible processes.

§ 80. It has been repeatedly mentioned that the specific

heat of a substance may be defined in very different ways

according to the manner in which the heating is carried out.

But, according to § 46 and equation (22), we have, for any

heating process,

_ ^ _du .
dv

"^h'M+Pdi (^^)

* It is Usual to follow the example of ClausiuB, and denote thia quantity

by dQ to indicate that it is infinitely small. This notation, l^owever,
has

frequently given rise to misunderstanding, for dQ has been repeatedly

regarded as the differential of a known finite quantity Q. We therefore

adhere to the notation given above. Other authors use d'Q, in order to

obviate the aforesaid misunderstanding.
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In order to give a definite meaning to tlie differential

coefficients, some arbitrary condition is required, which will

prescribe the direction of the change. A single condition

is sufficient, since the state of the substance depends on two

variables only.

§ 81. Heating at Constant Volume.—Here dv = 0,

c =
c^, the specific heat at constant volume. Hence, accord-

ing to equation (23),

^.=aa (^*)

§ 82. Heating under Constant Pressure.—Here dp= 0,

c =
Cp, the specific heat at constant pressure. According

to equation (23),

By the substitution of

in (26), Cp may be written in the form

"^
=

('-«)„+ [(I;),, +^']d9);
or, by (24),

§ 83. By comparing (25) and (27) and eliminating u, we
are led to a direct experimental test of the theory.

«^(^^)' (g).=<a-
and by (27), ^='^-n
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whence, differentiating the former equation with respect to

V, keeping p constant, and the latter with respect to p,

keeping v constant, and equating, we have

dB\ d/ dd

r _ ^_^ ^^^ ^1 _^^ ?? _ 1 /9o\^'
^^p

^^hpdv
'^

dp' dv dv' dp~ ^^^

This equation contains only quantities which may be

experimentally determined, and therefore furnishes a means
for" testing the first law of thermodynamics by observations

on any homogeneous substance.

§ 84. Perfect Gases.—The above equations undergo
considerable simplifications for perfect gases. We have,

from (14),

p = , (30)

where R = 826 x 10^ and m is the (real or apparent) mole-

cular weight. Hence

e =
^pv,

and equation (29) becomes

dc„ dc„ R
P ^ ^

dp dv m

Assuming that only the laws of Boyle, Gay-Lussac, and

Avogadro hold, no further conclusions can be drawn from

the first law of thermodynamics with regard to perfect gases.

§ 85. We shall now make use of the additional property
of perfect gases, established by Thomson and Joule (§ 70),

^

that the internal energy of a perfect gas depends only on

the temperature, and not on the volume, and that hence

per unit mass, according to (19),
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The general equation,

then becomes, for perfect gases,

and, according to (24),

du = c„.de (32)

It follows from (28) that

^ = ^ +
2(%);

or, considering the relation (30),

i.e. there is a constant difference between the specific heat

at constant pressure and the specific heat at constant

volume. Referring the heat capacity to the molecular

weight m, instead, of to unit mass, we have

mcp — mc„ = R (33)

The difference is, therefore, indei^endent even of the nature

of the gas.

§ 86. Only the specific heat at constant pressure, Cj,,
is

capable of direct experimental determination, because a

quantity of gas enclosed in a vessel of constant volume has

far too small a heat capacity to produce suflScient thermal

effects on the surrounding bodies. Since Cp, according to

(24), like u, depends on the temperature only, and not on

the volume, the same follows for
Cj), according to (33),

This conclusion was first confirmed by Eegnault's experi-

ments. He found Cp constant within a considerable range
of temperature. By (33), c^. is constant within the same

range.
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If the molecular heats be expressed in calories, R must
be divided by Joule's equivalent J. The difference be-

tween the molecular heats at constant pressure and at

constant volume is then

R 826-105

*'^^p-^*^«=J=419W
1-971 (34)

§ 87. The following table contains the specific heats

and molecular heats of several gases at constant pressure,

measured by direct experiment ;
also the molecular heats

at constant volume found by subtracting 1*97, and also

c
the ratio — = 7 :

—

llydrogen
Oxygen .

Nitrogen
Air . .

Specific heat
at const,

pressure.

3410
0-2175

0-2438

0-2375

Molecular Molecular Molecular

weieht
' heat at const, heat at const.

°
pressure. volume.

6-82 ! 485 1-41

6-94
'

4-97 1-40

6-83
I

4-86
I

1-41

6-84
I

4-87
i

1-41

The specific heat generally increases slowly on con-

siderable increase of temperature. Within the range of

temperature in which the specific heat is constant, equation

(32) can be integrated, giving

w = c„0 -f const (35)

The constant of integration depends on the selection of the

zero point of energy. For perfect gases, we consider Cp and

Co as constants throughout, hence the last equation holds

good in general.

§ 88, Adiabatic Process.—The characteristic feature

of the adiabatic process is that
g'
= 0, and, according to

equation (22),

= (Zw + ^dv.
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Assuming, again, a perfect gas, and substituting the

values of du from (32) and of jj from (30), we Lave

O = c/Z0 + -.-cZi;, .... (36)

or, on integrating,

^v l^g ^ ^— ^^8 ^' — const.

Replacing
—

according to (33) by Cp
—

Cy, and dividing

by Cy, we get

log + (7
—

1) log 17 = const. . . (37)

{i.e. during adiabatic expansion the temperature decreases)

Remembering that according to the characteristic equation

(30)

log ^ + log V — log = const,

we have, on eliminating v,

—
7 log + (7

-
1) log I)

= const.

{i.e. during adiabatic compression the temperature rises) ;

or, on eliminating 0,

log j>' + 7 log V = const.

The values of the constants of integration are given by
the initial state of the process.

If we compare our last equation in the form

pyy = const (38)

with Boyle's law 2^v
= const., it is seen that during adiabatic

compression the volume decreases more slowly for an in-

crease of pressure than during isothermal compression,
because during adiabatic compression the temperature rises.

The adiabatic curves in the ^jv
—
plane (§ 22) are, therefore,

steeper than the hyi^erbolic isotherms.

§ 89. Adiabatic processes may be used in various ways
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for the determination of 7, tlie ratio of the specific heats.

The agreement of the results with the value calculated from

the mechanical equivalent of heat forms an important
confirmation of the theory.

Thus, the measurement of the velocity of sound in a gas

may be used for determining the value of 7. It is proved
in hydrodynamics that the velocity of sound in a fluid is

i ,
where p = -, the density of the fluid. Since gases

are bad conductors of heat, the compressions and expansions
which accompany sound-vibrations must be considered as

adiabatic, and not isothermal, processes. The relation

between the pressure and the density is, therefore, in

the case of perfect gases, not that expressed by Boyle's

law ^=pv = const., but that given by equation (38), viz.—

V:

^ = const.

Hence, by differentiation

dp yp

or, according to (30),

dp Efl

dp
'm
m dp

'^"'We' dp

In air at 0°, the velocity of sound is \/ ~- = 33280 — :
•^ ^

dp sec.
'

hence, according to our last equation, taking the values of

m from § 41, and of E from § 84, and = 273,

28 8 332802 , ,,
-rr-T^ = 141.

'
~

826 10^ 273

This agrees with the value calculated in § 87.

Conversely, the value of y, calculated from the velocity
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of sound, may be used in the calculation of c^ in calories,

for the determination of the mechanical equivalent of heat

from (33). This method of evaluating the mechanical

equivalent of heat was first proposed by Robert Meyer in

1842. It is true that the assumption expressed in equation

(31), that the internal energy of air depends only on the

temperature, is essential to this method. In other words,

this means that the difference of the specific heats at con-

stant pressure and constant volume depends only on the

external work. The direct proof of this fact, however,
must be considered as first given by the experiments of

Thomson and Joule, described in § 70.

§ 90. We shall now consider a more complex process,

a reversible cycle of a special kind, which has played an

important part in the development of thermodynamics,
known as Carnot's cycle, and shall apply the first law to it

in detail.

Let a substance of unit mass, starting from an initial

state characterized by the values 0i, V\, first be compressed

adiabatically until its temperature rises to ^2(^2 > ^1) and its

volume reduced to V2{v2<'Vi) (Fig. 3). Second, suppose it

be now allowed to expand isothermally to volume v^{v2 > v-2),

in constant connection with a heat-reservoir of constant

temperature, B2, which gives out the heat of expansion Q2.

Third, let it be further expanded adiahatically until its

temperature falls to di, and the volume thereby increased

to Vi. Fourth, let it be compressed isothermally to the

original volume Vi, while a heat-reservoir maintains the

temperature at Qi, by absorbing the heat of compression.
All these operations are to be carried out in the reversible

manner described in § 71. The sum of the heat absorbed

by the system, and the work done on the system during
this cycle is, by the first law,

Q -f W =
(39)

The heat Q, that has been absorbed by the substance, is

Q = Qi + Q2 (40)
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(Qi is here negative). The external work W may be calcu-

lated from the adiabatic and the isothermal compressibility
of the substance. According to (20),

r«i, H r^z'' »2 Bl'.Ol r^i.ei

pdv —
/ pdv — I 'pdv

—
j pdv.

These integrals are to be taken along the curves 1, 2, 3, 4

respectively ;
1 and 3 being adiabatic, 2 and 4 isothermal.

Fig. 3.

Assuming the substance to be a perfect gas, the above

integrals can readily be found. If we bear in mind the

relations (30) and (36), we have

W =
m

Ol

02
'dv + Cvdd

711

«2

"'ft

^'dv (41)

Vl'

The work of the adiabatic compression in the first part of

the process is equal in value and opposite in sign to that

of the adiabatic expansion in the third part of the process.
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There remains, therefore, the sum of the work in the

isothermal portions
—

Now, the state {v.^,^^ was developed from (i;i,0i) by an

adiabatic process ; therefore, by (37),

log 02 + (7
-

1) log ^'a
= log 01 4- (7

-
1) log ^'1-

Similarly, for the adiabatic process, which leads from {vi, 62)

to (vi', Oi),

log 02 + (7
-

1) log Vo' = log 01 + (7
-

1) log Vi'.

From these equations, it follows that

W _ V
V2 Vi

and .-. W = -
-(02

-
0i) log

^'

Vi
'

"Wo'

Since, in the case considered, 02 > 0i, and — = — > 1,

the total external work W is negative, i.e. mechanical work

has been gained by the process. But, from (39) and (40),

Q = Qi + Q2= - W; ... (42)

therefore Q is positive, i.e. the heat-reservoir at temperature

02 has lost more heat than the heat-reservoir at tempera-
ture 01 has gained.

The value of W, substituted in the last equation,

gives

Q = Q, + Q, =
^(0,-0,)log|'..

. (43)

The correctness of this equation is evident from the direct

calculation of the values of Qi and Q2. The gas expands

isothermally while the heat-reservoir at temperature 02 is

in action. The internal energy of the gas therefore remains

constant, and the heat absorbed is equal in magnitude and
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opposite in sign to the external work. Hence, by equating
Q2 to the second integral in (41),

Q, = \log^' = \log^',

and, similarly, by equating Qi to the fourth integral in

(41),

Q, = ?0,log^=-\log^,

which agrees with equation (43).

There exists, then, between the quantities Qi, Qg, W,
besides the relation given in (42), this new relation—

Qi : Q2 : W = (- 0i) : 6., : (Oi
-

B^) . . (44)

§ 91. In order, now, to survey all the effects of the

above Carnot cycle, we shall compare the initial and final

states of all the bodies concerned. The gas operated upon
has not been changed in any way by the process, and may
be left out of account. It has done service only as a trans-

mitting agent, in order to bring about changes in the

surroundings. The two reservoirs, however, have undergone
a change, and, besides, a positive amount of external work,W = — W, has been gained; i.e. at the close of the process
certain weights, which were in action during the compression
and the expansion, are found to be at a higher level than at

the beginning, or a spring, serving similar purposes, is at a

greater tension, etc. On the other hand, the heat-reservoir

at 02 has given out heat to the amount Q2, and the cooler

reservoir at 61 has received the smaller amount Qi' = — Qi.

The heat that has vanished is equivalent to the work gained.
This result may be briefly expressed as follows : The

quantity of heat Q2, at temperature 62, has passed in part

(Qi') to a lower temperature (di), and has in part (Q2
— Qi'

= Qi + Q2) been transformed into mechanical work. Carnot's

cycle, performed with a perfect gas, thus affords a means of

drawing heat from a body and of gaining work in its stead,

without introducing any changes in nature except the

F
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transference of a certain quantity of heat from a body of

higher temperature to one of lower temperature.

But, since the process described is reversible in all its

parts, it may be put into effect in such a way that all the

quantities, Qi, Q2, W, change sign, Qi and W becoming

positive, Q2 = —
Q2' negative. In this case the hotter

reservoir at ^2 receives heat to the amount Q2', partly from

the colder reservoir (at 0i), and partly from the mechanical

work expended (W). By reversing Carnot's cycle, we have,

then, a means of transferring heat from a colder to a hotter

body without introducing any other changes in nature than

the transformation of a certain amount of mechanical work

into heat. We shall see, later, that, for the success of

Carnot's reversible cycle; the nature of the transmitting

agent or working substance is immaterial, and that perfect

gases are, in this respect, neither superior nor inferior to

other substances (c/. § 137).



CHAPTER III.

APPLICATIONS TO NON-HOMOGENEOUS SYSTEMS.

§ 92. The propositions discussed in the preceding chapter
are, in a large part, also applicable to substances which are

not perfectly homogeneous in structure. We shall, there-

fore, in this chapter consider mainly such phenomena as

characterize the inhomogeneity of a system.
Let us consider a system composed of a number of

homogeneous bodies in juxtaposition, separated by given

bounding surfaces. Such a system may, or may not, be

chemically homogeneous. A liquid in contact with its

vapour is an example of the first case, if the molecules

of the latter be identical with those of the former. The

beginning of a chemical reaction, inasmuch as a substance

is in contact with another of different chemical constitution,

is an example of the second. Whether a system is physi-

cally homogeneous or not, can, in most cases, be ascertained

beyond doubt, by finding surfaces of contact within the

system, or, by other means—in the case of emulsions, for

example, by determining the vapour pressure or the freezing

point. The question as to the chemical homogeneity, i.e.

the presence of one kind of molecule only, is much more

difficult, and has hitherto been answered only in special

cases. For this reason we classify substances according
to their physical and not according to their chemical

homogeneity.

§ 93. One characteristic of processes in non-homogeneous

systems consists in their being generally accompanied by
considerable changes of temperature, e.g. in evaporation or
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in oxidation. To maintain the initial temperature and

pressure consequently requires considerable exchange of

heat with the surroundings and corresponding external

work. The latter, however, is generally small compared
with the external heat, and may be neglected in most

chemical processes. In thermochemistry, therefore, the

external effects,

Q4-W = U2-Ui, . . . . (45)

are generally measured in calories (the heat equivalent of

the external effects). The external work, W, is small com-

pared with Q. Furthermore, most chemical processes are

accompanied by a rise in temperature, or, if the initial

temperature be re-established, by an external yield of heat

(exothermal processes). Therefore, in thermochemistry, the

heat given out to the surroundings in order to restore the

initial temperature is denoted as the "
positive heat effect

"

of the process. In our equations we shall therefore use Q
(the heat absorbed) with the negative sign, in processes with

positive heat effect ie g. combustion) ;
with the positive

sign, in those with negative heat effect {e.g. evaporation,

fusion, dissociation).

§ 94. To make equation (45) suitable for thermochemistry
it is expedient to denote the internal energy U of a system
in a given state, by a symbol denoting its chemical con-

stitution. J. Thomsen introduced a symbol of this kind.

He denoted by the formulae for the atomic or molecular

weight of the substances enclosed in brackets, the internal

energy of a corresponding weight referred to an arbitrary

zero of energy. Thus [Pb], [S], [PbS] denote the energies

of an atom of lead, an atom of sulphur, and a molecule of

lead sulphide respectively. In order to express the fact that

the formation of a molecule of lead sulphide from its atoms

is accompanied by a heat effect of 18,400 cal., the external

work of the process being negligible, we put

Ui = [Pb]-f [S]; U, = [PbS];
W = 0; Q= - l'8,400cal.,
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and equation (45) becomes

- 18,400 cal. = [PbS]
-

[Pb]
-

[S],

or, as usually written,

[Pb] + [S]
-

[PbS] = 18,400 cal.

This means that the internal energy of lead and sulphur,
when separate, is 18,400 calories greater than that of their

combination at the same temperature. That the internal

energies compared actually refer to the same material

system, can be checked by the use of the molecular formulae.

The equation could be simplified by selecting the uncombined

state of the elements Pb and S as the zero of energy. Then

(§ 64), [Pb] + [S] = 0, and

[PbS] = - 18,400 cal.

§ 95. To define accurately the state of a substance, and

thereby its energy, besides its chemical nature and mass, its

temperature and pressure must be given. If no special

statement is made, as in the above example, mean laboratory

temperature, i.e. about 18° C, is generally assumed, and the

pressure is supposed to be atmospheric pressure. The

pressure has, however, very little influence on the internal

energy; in fact, none at alKin the case of perfect gases

[equation (35)].
The state of aggregation should also be indicated. This

may be done, where necessary, by using brackets for the

solids, parentheses for liquids, and braces for gases. Thus

[H2O], (H2O), {H2O} denote the energies of a molecule of

ice, water, and water vapour respectively. Hence, for the

fusion of ice at 0° C,

(H2O)
-

[H2O] = 80 X 18 = 1440 cal.

It is often desirable, as in the case of solid carbon, sulphur,

arsenic, or isomeric compounds, to denote by some means

the special modification of the substance.

These symbols may be treated like algebraic quantities,

whereby considerations, which would otherwise present
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considerable complications, 'may be materially shortened.

Examples of this are given below,

§ 96. To denote the energy of a solution or mixture of

several compounds, we may write the formulae for the mole-

cular weights with the requisite number of molecules.

Thus,

(H2SO4) + 5(H20)
-

(H2SO4.5H2O) = 13,100 cal.

means that the solution of 1 molecule of sulphuric acid in

5 molecules of water gives out 13,100 calories of heat.

Similarly, the equation

(H2SO4) + lOCHaO)
-

(H2SO, . IOH2O) = 15,100 cal.

gives the heat effect on dissolving the same in ten molecules

of ^\ ater. By subtracting the first equation from the second,

we get

(H2SO1.5H2O) + 5(H20)
- (H2SOi.l0H2O) = 2000 cal.,

i.e. on diluting a solution of 1 molecule of sulphuric acid

dissolved in 5 molecules of water, by the addition of another

5 molecules of water, 2000 calories are given out.

§ 97. As a matter of experience, in very dilute solutions

further dilution no longer yields any appreciable amount of

heat. Thus, in indicating the internal energy of a dilute

solution it is often unnecessary to give the number of mole-

cules of the solvent. We write briefly

(H2SO4) + (aq.)
-

(H2S04aq.) = 17,900 cal.

to express the heat effect of infinite dilution of a molecule

of sulphuric acid. Here (aq.) denotes any amount of water

sufficient for the practical production of an infinitely dilute

solution.

§ 98. Volumetric changes being very slight in chemical

processes which involve only solids and liquids, the heat

equivalent of the external work W (§ 93) is a negligible
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quantity compared with the heat effect. The latter alone,

then, represents the change of energy of the system—
U2 - Ui = Q.

It, therefore, depends on the initial and final states only,
and not on the intermediate steps of the process. These
considerations do not apply, in general, when gaseous sub-

stances enter into the reaction. It is only in the combustions

in the " calorimetric bomb," extensively used by Berthelot

and Stohmann in their investigations, that the volume
remains constant and the external work is zero. In these

reactions the heat effect observed represents the total change
of energy. In other cases, however, the amount of external

work W may assume a considerable value, and it is

materially iafluenced by the process itself. Thus, a gas may
be allowed to expand, at the same time performing work,

which may have any value within certain limits, from zero

upwards. But since its change of energy U2 — Ui depends
on the initial and final states only, a greater amount of work

done against the external forces necessitates a smaller heat

effect for the process, and vice verm. To find the latter, not

only the change of the internal energy, but also the amount

of the external work must be known. This renders necessary
an account of the external conditions under which the process

takes place.

§ 99. Of all the external conditions that may accompany
a chemical process, constant (atmospheric) pressure is the

one which is of the most practical importance : p = j)q.
The

external work is then, according to equation (20),

W =
-J'i;oc?V=MVi-V2);

. . (46)

that is, equal to the product of the pressure and the decrease

of volume. This, according to (45), gives

U2-Ui = Q+MVi-V2). . . (47)

Now, the total decrease of volume, Vi — V2, may generally



72 THERMODYNAMICS.

be put equal to the decrease of volume of the gaseous

portions of the system, neglecting that of the solids and

liquids. Since, by (16),

Vi -
V.2 = E-(>M -

n^^,

where Ui, W2 are the number of gas molecules present before

and after the reaction, the heat equivalent of the external

work at constant pressure is, by (46) and (34),

y-
= -^—^^—

y
=

j6{ni
—

n.2)
=

l-9/0(»i
—

n-i)
cal.

The heat effect of a process at constant pressure is

therefore

- Q = Ui - U2 + l-970(«i
-

n^2)
cal. . (48)

If, for instance, one gram molecule of hydrogen and

half a gram molecule of oxygen, both at 18^ C, combine

at constant pressure to form water at 18' C, we put

Ui = {H2} + UO.2} ; U2 = (H2O) ; n, = % ; ih = 0; 6 = 291.

The heat of combustion is, therefore, by (48),

- Q = {H2} + ^{Os} -
(H2O) + 860 cal.,

i.e. 860 cal. more than would correspond to the decrease of

the internal energy, or to the combustion without the

simultaneous performance of external work.

§ 100. If we write equation (47) in the form

(U + poV)-!
- (U + po\)i = Q, . . (49)

it will be seen that, in processes under constant pressure 2>o,

the heat effect depends only on the initial and final states,

just as in the case when there is no external work. The
heat effect, however, is not equal to the difference of the

internal energies U, but to the difference of the values of

the quantity (U + j^oV) at the beginning and end of the

process. This quantity is Gibbs's " heat function at constant
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pressure." If, then, only processes at constant pressure be

considered, it will be expedient to regard the symbols {Hq},

{H2O}, etc., as representing the above function (U + |)oV),

instead of simply the energy U. Thus the difference in

the two values of the function will, in all cases, directly

represent the heat effect. This notation is therefore adopted
in the following.

§ 101. To determine the heat effect of a chemical reaction

at constant pressure, the initial and final values of the heat

function, U -f i^oV, of the system suffice. The general
solution of this problem, therefore, amounts to finding the

heat functions of all imaginable material systems in all

possible states. Frequently, different ways of transition

from one state of a system to another may be devised,

which may serve either as a test of the theory, or as a check

upon the accuracy of the observations. Thus J. Thomsen
found the heat of neutralization of a solution of sodium

bicarbonate with caustic soda to be :

(NaHCOg aq.) + (NaHO aq.)
- (NaaCOg aq.)

= 9200 cal.

He also found the heat of neutralization of carbon dioxide

to be :

(CO2 aq.) + 2(NaH0 aq.)
- (NaaCOa aq.)

= 20,200 cal.

By subtraction

(CO2 aq.) + (NaHO aq.)
- (NaHCOa aq.)

= 11,000 cal.

This is the heat effect corresponding to the direct com-

bination of carbon dioxide and caustic soda to form

sodium bicarbonate. Berthelot verified this by direct

measurement.

§
102. Frequently, of two ways of transition, one is

better adapted for calorimetric measurements than the

other. Thus, the heat effect of the decomposition of

hydrogen peroxide into water and oxygen cannot readily

be measured directly. Thomsen therefore oxidized a solution
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of stannous chloride in hydrochloric acid first by means of

hydrogen peroxide :

(SnCla. 2HC1 aq.) + (H.2O2 aq.)
-

(SnCl^ aq.)
= 88,800 cal.,

then by means of oxygen gas :

(SnCls . 2HC1 aq,) + MO2) -
(SnCl^ aq.)

= 65,700 cal.

Subtraction gives

(H2O2 aq.)
-

ilO^} -
(aq.)

= 23,100 cal.

for the heat effect of the decomposition of dissolved hydro-

gen peroxide into oxygen and water.

§ 103. The lieat of formation of carbon monoxide from

solid carbon and oxygen cannot be directly determined,

because carbon never burns completely to carbon monoxide,
but always, in part, to carbon dioxide as well. Therefore

Favre and Silbermann determined the heat effect of the

complete combustion of carbon to carbon dioxide :

[C] + (O.2}
- {CO.2} = 97,000 cal.,

and then determined the heat effect of the combustion of

carbon monoxide to carbon dioxide :

{CO} + ^{Oa} - {CO2} = 68,000 cal.

By subtraction we get

[C] + ilOa) - {CO} = 29,000 cal.,

the required heat of formation of carbon monoxide.

§ 104. According to the above, theory enables us to

calculate the heat effect of processes which cannot be

directly realized, for as soon as the heat function of a

system has been found in any way, it may be compared
with other heat functions.

Let the problem be, e.g., to find the heat of formation

of liquid carbon bisulphide from solid carbon and solid

sulphur, which do not combine directly. The following

represent the reactions :
—
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The combustion of solid sulphur to sulphur dioxide gas :

[S] + {O2} - {SO2} = 71,100 cal.

The combustion of solid carbon to carbon dioxide :

[C] + {O2} - {CO2} = 97,000 cal.

The combustion of carbon bisulphide vapour to carbon

dioxide and sulphur dioxide :

{CSo} + 3(02} - {CO2} - 2{S02} = 265,100 cal.

The condensation of carbon bisulphide vapour :

{CS2} -
(CS2)

= 6400 cal.

Elimination by purely mathematical processes furnishes the

required heat of formation :

[C] + 2[S]
-

(CS2) = - 19,500 cal.,

hence negative.
In organic thermochemistry the most important method

of determining the heat of formation of a compound consists

in determining the heat of combustion, first of the compound,
and then of its constituents.

Methane (marsh gas) gives by the complete combustion

to carbon dioxide and water (liquid) :

{CH4} + 2(02} - {CO2} -
2(H20) = 211,900 cal.,

but {H2} + ^{02}
-

(H2O) = 68,400 cal., (50)
and [C] + {O2} - {CO2} = 97,000 cal.;

therefore, by elimination, we obtain the heat of formation

of methane from solid carbon and hydrogen gas :

[C] + 2{H2} - (CHJ = 21,900 cal.

§ 105. The external heat, Q, of a given change at constant

pressure will depend on the temperature at which the pro-

cess is carried out. In this respect the first law of thermo-

dynamics leads to the following relation :
—
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From equation (49) it follows that, for any two given

temperatures, and 0',

(Ua H-iJoVa)^
-

(Ui + i^oVi)«*
= ^

and (Ua + i>oV2)e'
-

(Ui + ^oVi)<y'
= Q«"

Hence, by subtraction,

Q.' -%= [(U, + i^oVa).'
-

(Ua 4- i^oVa).]

?.e. the difference in the heat effects (Q^
—

Q./) resulting

from performing the process at different temperatures, is

equal to the difference in the quantities of heat which,

before and after the reaction, would be required to raise the

temperature of the system from to 0'.

Thus the influence of the temperature on the combustion

of hydrogen to water (liquid) may be found by comparing
the heat capacity of the mixture (H2 + \0.^ with that of

the water (H2O). The former is equal to the molecular

heat of hydrogen plus half the molecular heat of oxygen.

According to the table in § 87, this is

6-82 + 3-47 = 10-29.

The latter is 1 x 18 = 18.

The difference between these values is — 7*71, and, therefore,

the heat of combustion of a gram molecule of hydrogen
decreases with rising temperature by 7'7 cal. per degree

Centigrade.



PART III.

The Second Fundamental PRiNcirLE
OF Thermodynamics.

CHAPTER I.

INTRODUCTION.

§ 106. The second law of thermodynamics is essentially
different from the first law, since it deals with a question in

no way touched upon by the first law, viz. the direction in

which a process takes place in nature. Not every change
which is consistent with the principle of the conservation of

energy satisfies also the additional conditions which the

second law imposes upon the processes, which actually take

place in nature. In other words, the principle of the con-

servation of energy does not suffice for a unique determi-

nation of natural processes.

If, for instance, an exchange of heat by conduction takes

place between two bodies of different temperature, the first

law, or the principle of the conservation of energy, merely
demands that the quantity of heat given out by the one body
shall be equal to that taken up by the other. Whether the

flow of heat, however, takes place from the colder to the

hotter body, or vice versa, cannot be answered by the energy

principle alone. The very notion of temperature is alien to

that principle, as can be seen from the fact that it yields no

exact definition of temperature. Neither does the general

equation (17) of the first law contain any statement with
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regard to the direction of the particular process. The

special equation (50), for instance,

IH2} + HO2} -
(H2O) = 68,400 cal,

means only that, if hydrogen and oxygen combine under

constant pressure to form water, the restablishment of the

initial temperature requires a certain amount of heat to be

given up to surrounding bodies
;
and vice versa, that this

amount of heat is absorbed when water is decomposed into

hydrogen and oxygen. It offers no information, however,

as to whether hydrogen and oxygen actually combine to

form water, or water decomposes into hydrogen and oxygen,
or whether such a process can take place at all in either

direction. From the point of view of the first law, the

initial and final stages of any process are completely

eqnivalent.

§ 107. In one particular case, however, does the principle
of the conservation of energy prescribe a certain direction

to a process. This occurs when, in a system, one of the

various forms of energy is at an absolute maximum (or

minimum). It is evident that, in this case, the direction of

the change must be such that the particular form of energy
will decrease (or increase). This particular case is realized

in mechanics by a system of particles at rest. Here the

kinetic energy is at an absolute minimum, and, therefore,

any change of the system is accompanied by an increase of

the kinetic energy, and, if it be an isolated system, by a

decrease of the potential energy. This gives rise to an

important proposition in mechanics, which characterizes the

direction of possible motion, and lays down, in consequence,
the general condition of mechanical equilibrium. It is

evident that, if both the kinetic and potential energies be

at a minimum, no change can possibly take place, since

none of these can increase at the expense of the other.

The system must, therefore, remain at rest.

If a heavy liquid be initially at rest at different levels in

two communicating tubes, then motion will set in, so as to
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equalize the levels, for the centre of gravity of the system
is thereby lowered, and the potential energy diminished.

Equilibrium exists when the centre of gravity is at its

lowest, and therefore the potential energy at a minimum,
i.e. when the liquid stands at the same level in both tubes.

If no special assumption be made with regard to the initial

velocity of the liquid, the above proposition no longer holds.

The potential energy need not decrease, and the higher level

might rise or sink according to circumstances.

If our knowledge of thermal phenomena led us to

recognize a state of minimum energy, a similar proposition
would hold for this, but only for this, particular state. In

reality no such minimum has been detected. It is, there-

fore, hopeless to seek to reduce the general laws regarding
the direction of thermodynamical changes, as well as those

of thermodynamical equilibrium, to the corresponding pro-

positions in mechanics which hold good only for systems at

rest.

§ 108. Although these considerations make it evident

that the principle of the conservation of energy cannot

serve to determine the direction of a thermodynamical

process, and therewith the conditions of thermodynamical

equilibrium, unceasing attempts have been made to make
the principle of the conservation of energy in some way or

other serve this purpose. These attempts have, in many
cases, stood in the way of a clear presentation of the second

law. Occasionally we still find the endeavour made to'

represent this law as contained in the energy principle, in

that the doubtless too restricted term of "
energetics

"
is

applied to all investigations on these questions. The con-

ception of energy is not sufficient for the second law. It

cannot be exhaustively treated by breaking up a natural

process into a series of changes of energy, and then in-

vestigating the direction of each change. We can always

tell, it is true, what are the different kinds of energy

exchanged for one another
;
for there is no doubt that the

principle of energy must be fulfilled, but the expression of
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the conditions of these changes remains arbitrary, and
this ambiguity cannot be completely removed by any
general assumption.

We often find the second law stated as follows : The

change of mechanical work into heat may be complete, but,

on the contrary, that of heat into work must needs be

incomplete, since, whenever a certain quantity of heat is

transformed into work, another quantity of heat must

undergo a corresponding and compensating change ; e.g.

transference from higher to lower temperature. This is

quite correct in certain very special cases, but it by no

means expresses the essential feature of the process, as a

simple example will show. An achievement which is

closely associated with the discovery of the principle of

energy, and which is one of the most important for the

theory of heat, is the proposition expressed in equation (19),

§ 70, that the total internal energy of a gas depends only
on the temperature, and not on the volume. If a perfect

gas be allowed to expand, doing external work, and be pre-
vented from cooling by connecting it with a heat-reservoir

of higher temperature, the temperature of the gas, and at

the same time its internal energy, remains unchanged, and

it may be said that the amount of heat given out by the

reservoir is completely changed into work without an ex-

change of energy taking place anywhere. Not the least

objection can be made to this. The proposition of the
"
incomplete transformability of heat into work

"
cannot

be applied to this case, except by a different way of viewing
the process, which, however, changes nothing in the physical

facts, and cannot, therefore, be confirmed or refuted by
them, namely, by the introduction of new kinds of energy,

only invented ad hoc. This consists in dividing the

energy of the gas into several parts, which may then

individually depend also on the volume. This division has,

however, to be carried out differently for different cases {e.g.

in one way for isothermal, in another for adiabatic pro-

cesses), and necessitates complicated considerations even in

cases of physical simplicity. But when we pass from the
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consideration of the first law of thermodynamics to that of

the second, we have to deal with a new fact, and it is evident

that no definition, however ingenious, although it contain

no contradiction in itself, will ever permit of the deduction

of a new fact.

§ 109. There is but one way of clearly showing the signi-

ficance of the second law, and that is to base it on facts

by formulating propositions which may be proved or dis-

proved by experiment. The following proposition is of this

character : It is in no way possible to completely reverse

any process in which heat has been produced by friction.

For the sake of example we shall refer to Joule's experi-

ments on friction, described in § 60, for the determination

of the mechanical equivalent of heat. Applied to these,

our proposition says that, when the falling weights have

generated heat in water or mercury by the friction of the

paddles, no process can be invented which will completely
restore everywhere the initial state of that experiment, i.e.

which will raise the weights to their original height, cool

the liquid, and otherwise leave no change. The appliances
used may be of any kind whatsoever, mechanical, thermal,

chemical, electrical, etc., but the condition of complete

restoration of the initial state renders it necessary that all

materials and machines used must ultimately be left exactly
in the condition in which they were before their application.

Such a proposition cannot be proved a priori^ neither does

it amount to a definition, but it contains a definite asser-

tion, to be stated precisely in each case, which may be

verified by actual experiment. The proposition is there-

fore correct or incorrect.

§ 110. Another proposition of this kind, and closely
connected with the former, is the following : It is in no

way possible to completely reverse any process in which a

gas expands without performing work or absorbing heat,

i.e. with constant total energy (as described in § 68). The
word "

completely
"

again refers to the accurate reproduc-
tion of the initial conditions. To test this, the gas, after

G
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it had assumed its new state of equilibrium, might first be

compressed to its former volume by a weight falling to a

lower level. External work is done on the gas, and it is

thereby heated. The problem is now to bring the gas to

its initial condition, and to raise the weight. The gas might
be reduced to its original temperature by conducting the

heat of compression into a colder heat-reservoir. In order

that the process may be completely reversed, the reservoir

must be deprived of the heat gained thereby, and the weight
raised to its original position. This is, however, exactly

what was asserted in the preceding paragraph to be im-

practicable.

§ 111. A third proposition in point refers to the con-

duction of heat. Supposing that a body receives a certain

quantity of heat from another of higher temperature, the

problem is to completely reverse this process, i.e. to convey
back the heat without leaving any change whatsoever. In

the description of Camot's reversible cycle it has been

pointed out, that heat can at any time be drawn from a

heat-reservoir and transferred to a hotter reservoir without

leaving any change except the expenditure of a certain

amount of work, and the transference of an equivalent
amount of heat from one reservoir to the other. If this

heat could be removed, and the corresponding work re-

covered without other changes, the process of heat-conduc-

tion would be completely reversed. Here, again, we have

the problem which was declared in § 109 to be impracticable.
Further examples of processes to which the same con-

siderations apply are, diifusion, the freezing of an overcooled

liquid, the condensation of a supersaturated vapour, all

explosive reactions, and, in fact, every transformation of a

system into a state of greater stability.

§ 112. A process which can in no way be completely
reversed is termed irreversible, all other processes re-

versible. That a process may be irreversible, it is not

sufficient that it cannot be directly reversed. This is the
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case with many mechanical processes which are not irre-

versible (c/. § 113). The full requirement is, that it be

impossible, even with the assistance of all agents in nature,

to restore everywhere the exact initial state when the

process has once taken place. The propositions of the three

preceding paragraphs, therefore, declare, that the generation
of heat by friction, the expansion of a gas without the per-
formance of external work and the absorption of external

heat, the conduction of heat, etc., are irreversible processes.

§ 113. We now turn to the question of the actual

existence of reversible and irreversible processes. Numerous
reversible processes can at least be imagined, as, for instance,

those consisting of a succession of states of equilibrium, as

fully explained in § 71, and, therefore, directly reversible in

all their parts. Further, all perfectly periodic processes,

e.g. an ideal pendulum or planetary motion, are reversible,

for, at the end of every period, the initial state is completely
restored. Also, all mechanical processes with absolutely

rigid bodies and absolutely incompressible liquids, as far as

friction can be avoided, are reversible. By the introduction

of suitable machines with absolutely unyielding connecting

rods, frictionless joints and bearings, inextensible belts, etc.,

it is always possible to work the machines in such a way as

to bring the system completely into its initial state without

leaving any change in the machines, for the machines of

themselves do not perform work.

If, for instance, a heavy liquid, originally at rest at

different levels in two communicating tubes (§ 107), be set

in motion by gravity, it will, in consequence of its kinetic

energy, go beyond its position of equilibrium, and, since

the tubes are supposed frictionless, again swing back to its

exact original position. The process at this point has been

completely reversed, and therefore belongs to the class of

reversible processes. As soon as friction is admitted, how-

ever, its reversibility is at least questionable. Whether
reversible processes exist in nature or not, is not a priori

evident or demonstrable. There is, however, no purely
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logical objection to imagining that a means may some day
be found of completely reversing some process hitherto con-

sidered irreversible : one, for example, in which friction or

heat-conduction plays a part. But it can be demonstrated
—and this will be done in the following chapter

—that if, in

a single instance, one of the processes declared to be irre-

versible in §§ 109, etc., should be found to be reversible,

then all of these processes must be reversible in all cases.

Consequently, either all or none of these processes are

irreversible. There is no third possibility. If those pro-

cesses are not irreversible, the entire edifice of the second

law will crumble. None of the numerous relations deduced

from it, however many may have been verified by experience,
could then be considered as universally proved, and theo-

retical work would have to start from the beginning. (The
so-called proofs of "

energetics
"
are not a substitute, for a

closer test shows all of them to be more or less imperfect

paraphrases of the propositions to be proved. This is not

the place, however, to demonstrate this point.) It is this

foundation on the physical fact of irreversibility which forms

the strength of the second law. If, therefore, it must be

admitted that a single experience contradicting that fact

would render the law untenable, on the other hand, any
confirmation of part supports the whole structure, and gives
to deductions, even in seemingly remote regions, the full

significance possessed by the law itself.

§ 114. Since the decision as to whether a particular

process is irreversible or reversible depends only on whether

the process can in any manner whatsoever be completely
reversed or not, the nature of the initial and final states,

and not the intermediate steps of the process, entirely settle

it. The question is, whether or not it is possible, starting

from the final state, to reach the initial one in any way with-

out any other change. The second law, therefore, furnishes

a relation between the quantities connected with the initial

and final states of any natural process. The final state of

an irreversible process is evidently in some way discriminate
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from the initial state, while in reversible processes the two

states are in certain respects equivalent. The second law

points out this characteristic property of both states, and

also shows, when the two states are given, whether a trans-

formation is possible in nature from the first to the second,

or from the second to the first, without leaving changes in

other bodies. For this purpose, of course, the two states

must be fully characterized. Besides the chemical consti-

tution of the systems in question, the physical conditions—
viz. the state of aggregation, temperature, and pressure in

both states—must be known, as is necessary for the applica-
tion of the first law.

The relation furnished by the second law will evidently
be simpler the nearer the two states are to one another.

On this depends the great fertility of the second law in its

treatment of cyclic processes, which, however complicated

they may be, give rise to a final state only slightly different

from the initial state (§ 91).

§ 115. Since there exists in nature no process entirely

free from friction or heat-conduction, all processes which

actually take place in nature, if the second law be correct,

are in reality irreversible ; reversible processes form only an

ideal limiting case. They are, however, of considerable

importance for theoretical demonstration and for application

to states of equilibrium.



CHAPTER II.

PROOF.

§ 116. The second fundamental principle of thermo-

dynamics being, like the first, an empirical law, we can

speak of its proof only in so far as its total purport may be

deduced from a single self-evident proposition. We, there-

fore, put forward the following proposition as being given

directly by experience : It is imjjossible to construct an engine

which will work in a complete cynle, and produce no effect except

the raising of a weight and the cooling of a heat-reservoir.

Such an engine could be used simultaneously as a motor

and a refrigerator without any waste of energy or material,

and would in any case be the most profitable engine ever

made. It would, it is true, not be equivalent to perpetual

motion, for it does not produce work from nothing, but from

the heat, which it draws from the reservoir. It would not,

therefore, like perpetual motion, contradict the principle of

energy, but would, nevertheless, possess for man the essential

advantage of perpetual motion, the supply of work without

cost
;
fur the inexhaustible supply of heat in the earth, in

the atmosphere, and in the sea, would, like the oxygen
of the atmosphere, be at everybody's immediate disposal.

For this reason we take the above proposition as our starting

point. Since we are to deduce the second law from it, we

expect, at the same time, to make a most serviceable appli-

cation of any natural phenomenon which may be discovered

to deviate from the second law. As soon as a phenomenon
is found to contradict any legitimate conclusions from the

second law, this contradiction must arise from an inaccuracy
in our first assumption, and the phenomenon could be used
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for the construction of the above-described engine. We
shall in the following, according to the proposal of Ostwald,

speak of perpetual motion of the second kind, since it stands

in the same relation to the second law as perpetual motion

of the first kind does to the first law. In connection with all

objections to the second law, it must be borne in mind that,

if no errors are to be found in the line of proof, they are

ultimately directed against the impossibility of perpetual
motion of the second kind (§ 136).*

§ 117. From the impossibility of perpetual motion of

the second kind, it follows, in the first place, that the

generation of heat by friction is irreversible (cf. def. § 112).

For supposing it were not so, i.e. supposing a method could

be found by which a process involving generation of heat

by friction could be completely reversed, this very method
would produce what is

identically perpetual motion of the

second kind : viz. a change which consists of nothing but

the production of work, and the absorption of an equivalent
amount of heat.

§ 118. It follows, further, that the expansion of a gas *^
without the performance of external ^Iteat^ or the absorption

-^

of heat, is irreversible. For, suppose a method were known
of completely reversing this process, i.e. of reducing the

volume of a gas, without leaving any other change what-

soever, this method could be utilized for the production of

perpetual motion of the second kind in the following manner.

Allow the gas to do work by expansion, supplying the energy

* I desire to emphasize here, that the starting point selected by me for

the proof of the second law coincides fundamentally with that which R.

Clausius, or which Sir W. Thomson, or which J. Clerk Maxwell used for the

same purpose. The fundamental proposition which each of these investi-

gators placed at the beginning of his deductions asserts each time, only in

diflferent form, the impossibility of the realization of perpetual motion of the

second kind. I have selected the above form of expression, because of its

apparent technical significance. Not a single really rational proof of the

second law has thus far been advanced which does not require this fun-

damental principle, however numerous the attempts in this direction may
have been in recent times, nor do I believe that such an attempt will ever

meet with success.



88 THERMODYNAMICS.

lost thereby by the conduction of heat from a reservoir at

the same or higher temperature, and then, by the assumed

method, reduce the volume of the gas to its initial value

without leaving any other change. This process might be

repeated as often as we please, and would therefore represent
an engine working in a complete cycle, and producing no

eifect except the performance of work, and the withdrawal

of heat from a reservoir, i.e. perpetual motion of the second

kind.

On the basis of the proposition we have just proved, that

the expansion of a gas without the performance of work

and the absorption of heat is irreversible, we shall now carry

through the proof of the second law for those bodies whose

thermodynamical properties are most completely known,
viz. for perfect gases.

§ 119. If a perfect gas be subjected to infinitely slow

compression or expansion, and if, at the same time, heat be

applied or withdrawn, we have, by equation (22), in each

infinitely small portion of the process, per unit mass,

gr
= (III _j- j>f/l'

or, since for a perfect gas,

du =
c^dd,

, BO
and « = — . -,* m V

q = cdO ] dv.

If the process be adiabatic, then
g'
= 0, and the inte-

gration of the above equation gives (as in § 88) the function

p
c„ log B {— log v

equal to a constant. We shall now put

(p
==

c^ log H— log V + const., . . (51)
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and call this function, after Clausius, the entropij of unit mass
of the gas. The constant, which has to be added, can be

determined by arbitrarily fixing the zero state. Accord-

ingly

* = M^ = WU log 61 + -
log V +

const.]
. (52)

is the entropy of mass M of the gas. The entropy of the

gas, therefore, remains constant during the described

adiabatic change of state.

§ 120. On the application of heat, the entropy of the

gas changes, in the case considered, by

It increases or decreases according as heat is absorbed or

evolved.

,

The absorbed heat Q has here been broken up into two

A'^^actors, B and cl<^. According to a view which has recently
^^ been brought forward, this breaking up of heat into factors is

regarded as a general property of heat. It should, however,

be emphasized that equation (53) is by no means generally
true. It holds only in the particular case where the external

work performed by the gas is expressed by j;fZV. The
relation

d^ = M(c^^ +
)
= ^^—

holds, quite generally, for any process in which the tempera-
ture of the gas is increased by dO, and the volume by ^V.

It is, in fact, only a different mathematical form for the

definition of the entropy given in (52). On the other

hand, the equation

Q = dV +pdY .

holds by no means in all cases, but should, in general, be

replaced by

Q + W = (ZU,
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where W, the work done on the substance, may have any
value within certain limits. For instance, W = 0, if the

gas be conveyed into its new state of equilibrium without

performing external work (as described in § 68). In this

case, Q = d\], and the equation Q = M^ no longer holds.

§ 121. We shall now consider two gases which can com-

municate heat to one another by conduction, but may, in

general, be under different pressures. If the volume of

one, or both, of the gases be changed by some reversible

process, care being taken that the temperatures of the gases

equalize at each moment, and that no exchange of heat

takes place with surrounding bodies, we have, according
to equation (53), during any element of time, for the first

gas,

''*' =
|'

and, for the second gas.

Q2
d<^» =

According to the conditions of the process.

Ox = e, and Qi + Q2 = 0,

whence, cZ4>i + fZt|>2
=

or, for a finite change,

<I>i + $2 = const (54)

The sum of the entropies of the two gases remains constant

during the described j)rocess.

§ 122. Any such process with two gases is evidently
reversible in all its parts, for it may be directly reversed

without leaving changes in the surroundings. From this

follows the proposition that it is always possible to bring
two gases, by a reversible process, without leaving changes



PRQOF. 91

in * other bodies, from any given state to any other given
state, if the sum of the entropies in the two states be equal.

Let an initial state of the gases be given by the tempe-
ratures 01, 02> and the specific volumes v\, V2 ;

a second state

by the corresponding values 61, 6.2 ; v(, v^. We now

suppose that

$1 + $2 = <I>i' + a>2' . . . . (55)

Bring the first gas to the temperature 02 by a reversible

adiabatic compression or expansion ; then place the two gases
in thermal contact with one another, and continue to com-

press or expand the first infinitely slowly. Heat will now pass
between the two gases, and the entropy of the first one will

change, and it will be possible to make this entropy assume

the value <l>i'. But, according to (54), during the above

process the sum of the two entropies remains constant, and
=

<I>i -{- <p2; therefore the entropy of the second gas is

(<I>i -t- ^2)
—

$1', which is, according to (55), equal to fp^'. If

we now separate the two gases, and compress or expand
each one adiabatically and reversibly until they have the

required temperatures 0/ and d^, the specific volumes must

then be Vi and v-J, and the required final state has been

reached.

This process is reversible in all its parts, and no changes
remain in other bodies

;
in particular, the surroundings

have neither gained nor lost heat. The Conditions of the

problem have therefore been fulfilled, and the proposition

proved.

§ 123. A similar proposition can readily be proved for

any number of gases. It is always possible to bring a

system of n gases from any one state to any other by
a reversible process without leaving changes in other bodies,

if the sum of the entropies of all the gases is the same in

both states, i.e. if

<I>i + a>2 +...+<!>„ =
«I>i' + $2' + ... + ^n' (56)

* The emphasis is to be put on the word " in." Changes of position of

ponderable bodies (for example, the raising or lowering of weights) are not

internal changes ; but, of course, temperature and density changes are.
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By the process described in the preceding paragraph we

may, by the successive combination of pairs of gases of the

system, bring the first, then the second, then the third, and

80 on to the (n — l)th gas, to the required entropy. Now,
in each of the successive processes the sum of the entropies

of all the gases remains constant, and, since the entropies of

the first {n
—

1) gases are <I>i', ^-2 - • -
<t>'„ _ „ the entropy of

the nth gas is necessarily

(*i + <^2 + . . . + 4>„)
-

(<l>i' + <I>2' + . . . + 4>',.-i)-

This is, according to (56), the required value ^'. Each gas
can now be brought by an adiabatic reversible process into

the required state, and the problem is solved.

If we call the sum of the entropies of all the gases the

entropy of the whole system, we may then say : If a system

of gases has the same entropy in tu'O different states, it may
he transformed from the one to the other hy a reversible process,

without leaving changes in other bodies.

§ 124. We now introduce the proposition proved in

§ 118, that the expansion of a perfect gas, without per-

forming external work or absorbing heat, is irreversible
; or,

what is the same thing, that the transition of a perfect gas
to a state of greater volume and equal temperature, without

external effects, as described in § 68, is irreversible. Such

a process corresponds to an increase of the entropy, accord-

ing to the definition (52). It immediately follows that it

is altogether impossible to decrease the entropy of a gas
without producing a change in surrounding objects. If this

were possible, the irreversible expansion of a gas could be

completely reversed. After the gas had expanded without

external effects, and had assumed its new state of equili-

brium, the entropy of the gas could be reduced to its initial

value, without leaving changes in other bodies, by the

supposed method, and then, by an adiabatic reversible

process, brought to its initial temperature, and thereby also

to its original volume. This would completely reverse the
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first expansion, and furnish, according to § 118, perpetual
motion of the second kind.

§ 125. A system of two or more gases behaves in the

same way. There exists, in nature, no means of diminishing
the entropy of a system of perfect gases, without leaving

changes in bodies outside the system. A contrivance

which would accomplish this, be it mechanical, thermal,

chemical, or electrical in nature, might be used to reduce

the entropy of a single gas without leaving changes in

other bodies.

Suppose a system of gases to have passed in any manner

from one state in which their entropies are <[>i, <I>2 • • • ^n,

to a state where they are 4>i', ^^ . . . $„', and that no

change has been produced in any body outside the system,
and let

<l»i' + 4>2' + . . . + <!>,;
< <I>i + <I>2 + . . . + ^n, (57)

then it is possible, according to the proposition proved in

§ 123, to bring the system by a reversible process, without

leaving changes in other bodies, into any other state in

which the sum of the entropies is

4>i' + <i>2' + • . . 4- $;,

and accordingly into a state in which the first gas has

the entropy <I>i, the second the entropy <I>2 . . ., the

(w
—

i)th the entropy $„.i, and the nih. in consequence the

entropy

(a>i' + $2' + . . . + <!>„')
-

<^i
-

<I)2
-

. . .
-

<I>«-i (58)

The first («
—

1) gases may now be reduced to their

original state by reversible adiabatic processes. The nih. gas

possesses the entropy (08), which is, according to the supposi-

tion (57), smaller than the original entropy tpn. The entropy
of the nih. gas has, therefore, been diminished without

leaving changes in other bodies. This we have already

proved in the preceding paragraph to be impossible.
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Tlie general proposition has, therefore, been proved, and
we may immediately add the following.

§ 126. If a system of 'perfect gases pass in any ivay from
one state to another, and no changes remain in surrounding

bodies, the entropy of the system is certainly not smaller,

hut either greater than, or, in the limit, equal to that of the

initial state; in other words, the total change of the entropy
> 0. The sign of inequality corresponds to an irreversible

process, the sign of equality to a reversible one. The

equality of the entropies in both states is, therefore, not

only a sufficient, as described in § 123, but also a necessary
condition of the complete reversibility of the transformation

from the one state to the other, provided no changes are to

remain in other bodies.

§ 127. The scope of this proposition is considerable,

since there have designedly been imposed no restrictions

regarding the way in which the system passes from its

initial to its final state. The proposition, therefore, holds

not only for slow and simple processes, but also for physical
and chemical ones of any degree of complication, provided
that at the end of the process no changes remain in any

body outside the system. It must not be supposed that

the entropy of a gas has a meaning only for states of

equilibrium. We may assume each sufficiently small

particle, even of a gas in turmoil, to be homogeneous and

at a definite temperature, and must, therefore, according to

(52), assign to it a definite value of the entropy. M, v,

and B are then the mass, specific volume, and temperature
of the particle under consideration. A summation extending
over all the particles of the mass—within which the values

of V and d may vary from particle to particle
—

gives the

entropy of the whole mass of the gas in the particular state.

The proposition still holds, that the entropy of the whole

gas must continually increase during any process which

does not give rise to changes in other bodies, e.g. when a

gas flows from a vessel into a vacuum (§ 68). It will be

seen that the velocity of the gas particles does not influence
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the value of the entrojjy ;
neither does their height above

a certain horizontal plane, although they are considered to

have weight.

§ 128. The laws which we have deduced for perfect gases

may be transferred to any substance in exactly the same

way. The main difference is, that the expression for the

entropy of any body cannot, in general, be written down
in finite quantities, since the characteristic equation is not

generally known. But it can be demonstrated—and this is

the deciding point
—

that, for any other body, there exists a

function with the characteristic properties of the entropy.

Imagine any homogeneous body to pass through a cer-

tain reversible or irreversible cycle and to be brought back

to its exact original state, and let the external effects of

this process consist in the performance of work and in the

addition or withdrawal of heat. The latter may be brought
about by means of any required number of suitable heat-

reservoirs. After the process, no changes remain in the

substance itself; the heat-reservoirs alone have suffered

change. We shall now assume all the heat-reservoirs to be

perfect gases, kept either at constant volume or at constant

pressure, but, at any rate, subject only to reversible changes
of volume. According to our last proposition, the sum of

the entropies of all these gases cannot have decreased, since

after the process no change remains in any other body.
If Q denote the amount of heat given to the substance

during an infinitely small element of time by one of the

reservoirs; d, the temperature of the reservoir at that

moment
; then, according to equation (53), the reservoir's

change of entropy during that element of time is

d'

The change of the entropy of all the reservoirs, during all

the elements of time considered, is
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Now, according to § 126, we have the following condition :
—

- v5>o

2f ^ ^-

This is the form in which the second law was first enunciated

by Clausius.

A further condition is given by the first law
; for, ac-

cording to (17) in § 63, we have, during every element of

time of the process,

Q + W = fTT,

U being the initial energy of the body, and W the work

done on 'the body during the element of time.

§ 129. If we now make the special assumption that the

external pressure is, at any moment, equal to the pressure

p of the substance, the work of compression becomes,

according to (20),

whence Q = cfU + 'pdN.

If, further, each heat-reservoir be exactly at the tempe-
rature of the substance at the moment when brought into

operation, the cyclic process is reversible, and the inequality

of the second law becomes an equality
—

^5 =

or, on substituting the value of Q,

^dX^ -f- i^dN _ ^

All the quantities in this equation refer to the state of

the substance itself. It admits of interpretation without

reference to the heat-reservoirs, and amounts to the folloAv-

ing proposition.
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§ 130. If a homogeneous hody he taken through a series of
states of equilibrium (§ 71), that follow continuouslyfrom one

another, hack to its initial state, then the summation of the

differential

d\] + pdV
e

extending over all the states of that process gives the value

zero. It follows that, if the process be not continued until

the initial state, 1, is again reached, but be stopped at a

certain state, 2, the value of the summation

/:'^^ (59)

depends only on the states 1 and 2, not on the manner
of the transformation from state 1 to state 2. If two

series of changes leading from 1 to 2 be considered

(e.g. curves a and j3 in Fig. 2, § 75), these can be com-

bined into an infinitely slow cyclic process. We may,
for example, go from 1 to 2 along a, and return to 1

along j3.

It has been demonstrated that over the entire cycle
—

r d\J + pdY fd\J-{-pdY ,
f dUj\-pdV_

whence f
dJJ +pdY _ f

J.)
»

~
Jo

dJJ +pdY _ [
dV + pdY

The integral (59) with the above-proved properties has

been called by Clausius the entropy of the body in state

2, referred to state 1 as the zero state. The entropy of a

body in a given state, like the internal energy, is completely
determined up to an additive constant, whose value depends
on the zero state.

H
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Denoting the entropy, as formerly, by $, we have :

and ,7^=^^ + i>^ (60)

or per unit mass :

(h = 0— (61)

This, again, leads to the value (51) for a perfect gas.

The expression for the entropy of any body may be found

by immediate integration (§ 254), provided its energy,

U = Mt«, and its volume, V = Mr, are known as functions,

say, of and
j^- Since, however, these are not completely

known except for perfect gases, we have to content ourselves

in general with^ the differential equation. For the proof,

and for many applications of the second law, it is, however,

sufficient to know that this differential equation contains

in reality a unique definition of the entropy.

§ 131. We may, therefore, just as in the case of perfect

gases, speak of the entropy of any substance as of a finite

quantity determined by the momentary values of tempe-
rature and volume, even when the substance undergoes
reversible or irreversible changes. The differential equation

(61) holds, as was stated in § 120 in the case of perfect

gases, for any change of state, including irreversible changes.

This more general application of the conception of the

entropy in no wise contradicts the manner of its deduction.

The entropy of a body in any given state is measured by
means of a reversible process which brings the body from

^that state to the zero state. This ideal process, however,

has nothing to do with any actual reversible or irreversible

changes which the body may have undergone or be about

to undergo.
On the other hand, it should be stated that the differ-

ential equation (60), while it holds for changes of volume

and temperature, does not apply to changes of mass, for
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this kind of change was in no way referred to in the

definition of the entropy.

Finally, we shall call the sum of the entropies of a
number of bodies briefly the entropy of the system composed
of those bodies. Thus the entropy of a body whose particles
are not at uniform temperature, and have different velocities,

may be found, as in the case of gases (§ 127), by a sum-
mation extending over all its elements of mass, provided
the temperature and density within each infinitely small

element of mass may be considered uniform. Neither the

velocity nor the weight of the particles enter into the

expression for the entropy.

§ 132. The existence and the value of the entropy

having been established for all states of a body, there is

no difficulty in transferring the proof, which was given for

perfect gases (beginning in § 119), to any system of bodies.

Just as in § 119 we find that, during reversible adiabatic

expansion or compression of a body, its entropy remains

constant, while by the absorption of heat the change of the

entropy is

^Z^=? (62)

This relation holds only for reversible changes of volume,
as was shown for perfect gases in § 120. Besides, it is found,

as in § 121, that during reversible expansion or compression
of two bodies at a common temperature, if they be allowed

to exchange heat by conduction with one another, but not

with surrounding bodies, the sum of their entropies remains

constant. A line of argument corresponding fully to that

advanced for perfect gases then leads to the following

general result :

*
It is impossible in any way to diminish the

* With regard to the generalization of the theorem which was proved for

a perfect gas in § 124, it may be stated that a certain difficulty arises in the

special case of an incompressible body. In this case the body cannot be

expanded. Professor Krigar-Menzel, who drew my attention to this, sent

me at the same time the following proof. Proposition : It is impossible to

diminish the entropy of an incompressible body without leaving changes in

other bodies. Proof: Bring the body into thermal contact with a perfect
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entrojyy of a system of bodies without thereby leaving behind

changes in other bodies. If, therefore, a system of bodies has

changed its state in a physical or chemical way, without

leaving any change in bodies not belonging to the system,
then the entropy in the final state is greater than, or, in the

limit, equal to the entropy in the initial state. The limit-

ing case corresponds to reversible, all others to irreversible,

processes.

§ 133. The restriction, hitherto indispensable, that no

changes must remain in bodies outside the system is easily

dispensed with by including in the system all bodies that

may be aifected in any way by the process considered. The

proposition then becomes : Every 'physical or chemical process

in nature takes place in such a way as to increase the sum of
the entropies of all the bodies taking any part in the process.

In the limit, i.e. for reversible processes, the sum of the

entropies remains unchanged. This is the most general
statement of the second law of Thermodynamics.

§ 134. As the impossibility of perpetual motion of the

first kind leads to the first law of Thermodynamics, or the

principle of the conservation of energy ;
so the impossibility

of perpetual motion of the second kind has led to the second

law, properly designated as the principle of the increase of
the entropy. This principle may be presented under other

forms, which possess certain practical advantages, especially

for isothermal or isopiestic processes. They will be men-

tioned in our next chapter. It should be emphasized, how-

ever, that the form here given is the only one of unrestricted

gas, isolate the system adiabatically, and diminish the volume of the gas by
reversible compression. Heat thereby passes from the gas into the body, and

the entropy of the gas diminishes in consequence, while that of the body
increases by an equal amount. Now separate the body from the gas. If the

proposition were false, and there existed an uncompensated entropy diminish-

ing process, we could by means of it bring the body back to its original
smaller entropy, and therewith to its initial state. The only outstanding

change of the whole process would be the diminution of the entropy of the

perfect gas. But this contradicts § 118. The proposition is therefore not

false, but true.
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applicability to any finite process, and that no other universal

measure of the irreversibility of processes exists than the

amount of the increase of the entropy to which they lead.

All other forms of the second law are either applicable to

infinitesimal changes only, or presuppose, when extended to

finite changes, the existence of some special condition im-

posed upon the process (§§ 140, etc.). The real meaning of

the second law has frequently been looked for in a "
dissi-

pation of energy." This view, proceeding, as it does, from

the irreversible phenomena of conduction and radiation of

heat, presents only one side of the question. There are

irreversible processes in which the final and initial states

show exactly the same form of energy, e.g. the diffusion of

two perfect gases (§ 238), or further dilution of a dilute

solution. Such processes are accompanied by no perceptible
transference of heat, nor by external work, nor by any notice-

able transformation of energy.* They occur only for the

reason that they lead to an appreciable increase of the

entropy. The amount of "lost work" yields a no more

definite general measure of irreversibility than does that of

"dissipated energy." This is possible only in the case of

isothermal processes (§ 143). An exhaustive general state-

ment of the second law can be made only by means of the

conception of the entropy.

§ 135. Clausius summed up the first law by saying that

the energy of the world remains constant; the second by

saying that the entropy of the world tends towards a

maximum. Objection has justly been raised to this form

of expression. The energy and the entropy of the world

have no meaning, because such quantities admit of no

accurate definition. Nevertheless, it is not difficult to

* In reply to a criticism of this statement, I have simply to refer to

§ 108, wherein the remark is made, that, to be sure, by the introduction of

new kinds of energy, conceived ad hoc, it is possible to speak of an energy

transformation even for the cases now under discussion. There is, however,

nothing arbitrary in the statement made in the text, where the energy

appears as completely defined by § 56, but rather in the introduction of the

new kinds of energy.
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express the characteristic feature of those propositions of

Clausius in such a way as to give them a meaning, and to

bring out more clearly what Clausius evidently wished to

express by them.

The energy of any system of bodies changes according
to the measure of the effects produced by external agents.

It remains constant, only, if the system be isolated. Since,

strictly speaking, every system is acted on by external

agents
—for complete isolation cannot be realized in nature

—^the energy of a finite system may be approximately, but

never absolutely, constant. Nevertheless, the more ex-

tended the system, the more negligible, in general, will the

external effects become, in comparison with the magnitude
of the energy of the system, and the changes of energy of its

parts (§ 55) ; for, while the external effects are of the order of

magnitude of the surface of the system, the internal energy
is of the order of magnitude of the volume. In very small

systems (elements of volume) the opposite is the case for

the same reason, since here the energy of the system may
be neglected in comparison with any one of the external

effects. Frequent use is made of this proposition, e.g. in

establishing the limiting conditions in the theory of the con-

duction of heat. In the case here considered, it may, there-

fore, be said that the more widely extended a system we

assume, the more approximately, in general, will its energy
remain constant. A comparatively small error will be com-

mitted in assuming the energy of our solar system to be

constant, a proportionately smaller one if the system of all

known fixed stars be included. In this sense an actual

significance belongs to the ^proposition, that the energy
of an infinite system, or the energy of the world, remains

constant.

The proposition regarding the increase of the entropy
should be similarly understood. If we say that the en-

tropy of a system increases quite regardless of all outside

changes, an error will, in general, be committed, but the

more comprehensive the system, the smaller does the pro-

portional error become.
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§ 136. In conclusion, we shall briefly discuss the question
of the possible limitations to the second law. If there exist

any such limitations—a view still held by many scientists

and philosophers
—this much may be asserted, that their

existence presupposes an error in our starting-point, viz.

the impossibility of perpetual motion of the second kind, or

a fault in our method of proof. From the beginning we
have recognized the legitimacy of the first of these objections,
and it cannot be removed by any line of argument. The
second objection generally amounts to the following. The

impracticability of perpetual motion of the second kind is

granted, yet its absolute impossibility is contested, since our

limited experimental appliances, supposing it were possible,
would be insufficient for the realization of the ideal processes
which the line of proof presupposes. This position, however,

proves untenable. It would be absurd to assume that the

validity of the second law depends in any way on the skill

of the physicist or chemist in observing or experimenting.
The gist of the second law has nothing to do with experi-
ment

;
the law asserts briefly that there exists in nature a

quantity which changes always in the same sense in all natural

'processes. The proposition stated in this general form may be

correct or incorrect ;
but whichever it may be, it will remain

so, irrespective of whether thinking and measuring beings

exist on the earth or not, and whether or not, assuming

they do exist, they are able to measure the details of physical-

or chemical processes more accurately by one, two, or a

hundred decimal places than we can.* The limitations

to the law, if any, must lie in the same province as its

essential idea, in the observed Nature, and not in the

Observer. That man's experience is called upon in the de-

duction of the law is of no consequence ;
for that is, in fact,

* We do not say that the second law is applicable to every single

detail of a process. Upon closer examination the matter appears to be thus.

The entropy, like temperature, pressure, and density, cannot be defined as an

absolute, continuous quantity, but as a certain average value of a large

number of single values. As long, therefore, as we regard simply one or

more single values, the entropy cannot be defined any more than the

temperature or pressure, and the second law neither applied nor proved.
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our only way of arriving at a knowledge of natural law.

But the law once discovered must receive recognition of its

independence, at least in so far as Natural Law can be said

to exist independent of Mind. Should any one deny this,

he would have to deny the possibility of natural science.

The case of the first law is quite similar. To most

unprejudiced scientists the impossibility of perpetual motion

of the first kind is certainly the most direct of the general

proofs of the principle of energy. Nevertheless, hardly

any one would now think of making the validity of that

principle depend on the degree of accuracy of the experi-
mental proof of that general empirical proposition. Pre-

sumably the time will come when the principle of the

increase of the entropy will be presented without any
connection with experiment. Some metaphysicists may
even put it forward as being a 'priori valid. In the

mean time, no more effective weapon can be used by both

champions and opponents of the second law than inde-

fatigable endeavour to follow the real purport of this law

to the utmost consequences, taking the latter one by one

to the highest court of appeal
—

experience. Whatever
the decision may be, lasting gain will accrue to us from

such a proceeding, since thereby we serve the chief end of

natural science—the enlargement of our stock of knowledge.



CHAPTER III.

GENERAL DEDUCTIONS.

§ 137. Our first application of the principle of the entropy
which was expressed in its most general form in the pre-

ceding chapter, will be to Garnet's cycle, described in detail

for perfect gases in § 90. This time, the system operated

upon may be of any character whatsoever, and chemical re-

actions, too, may take place, provided they are reversible.

Resuming the notation used in § 90, we may at once state

the result.

In a cyclic process, according to the first law, the heat,

Q2, given out by the hotter reservoir is equivalent to the

sum of the work done by the system, W = — W, and the

heat received by the colder reservoir, Qi' = — Qi :

Q2 = W + Qi'

or Qi + Q2 + W = . . . . (63)

According to the second law, since the process is re-

versible, all bodies which show any change of state after

the process, i.e. the two heat-reservoirs only, possess the

same total entropy as before the process. The change of

the entropy of the two reservoirs is, according to (62) :

§^'= _ ^ for the first, and - §? for the second, (64)

their sum: §^ + ^' = (65)

whence, by (63),

Qi:Q2:W = (-0i):02:(«i-02)
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as in
(44), but without any assumption as to the nature of

the substance passing through the cycle of operations.
In order, therefore, to gain the mechanical work, W,

by means of a reversible Carnot cycle of operations with

any substance between two heat-reservoirs at the tempera-
tures By and d^ {62 > 61), the quantity of heat

must pass from the hotter to the colder reservoir. In

other words, the passage of the quantity of heat Q/ from

O2 to Oi may be taken advantage of to gain the mechanical

work

W' = ^^Q/ (66)

§ 138. For an irreversible cycle, i.e. one involving any
irreversible physical or chemical changes of the substance

operated upon, the equation of energy (63) still holds, but

the equation for the change of the entropy (Q5) is replaced

by the inequality :

_ Qi _ Q2 /^

Observe, however, that the expressions (64) for the

change of the entropy of the reservoirs are still correct,

provided we assume that any changes of volume of the

substances used as reservoirs are reversible. Thus,

sr
+
e.^" ("')

or Qa <
^^Q,',

hence, from (67) and (63),



GENERAL DEDUCTIONS. 107

This means that the amount of work, W, to be gained by
means of a cyclic process from the transference of the heat,

Qi', from a hotter to a colder reservoir, is always smaller
for an irreversible process than for a reversible one. Conse-

quently the equation (66) represents the maximum amount
of work to be gained from any cyclic process between heat-

reservoirs at the temperatures d^ and Bi.

In particular, if W' = 0, it follows from the equation of

energy (63) that

Q2 = — Qi = Qi

and the inequality (67) becomes

'

<0.<.rl)
In this case the cyclic process results in the transference

of heat (Q2) from the reservoir of temperature O.2 to that of

temperature Qi, and the inequality means that this flow

of heat is always directed from the hotter to the colder

reservoir.

Again, a special case of this type of process is the direct

passage of heat by conduction between heat-rjeservoirs, with-

out any actual participation of the system supposed to pass

through the cycle of operations. It is seen to be an irre-

versible change, since it brings about an increase of the

sum of the entropies of the two heat-reservoirs.

§ 139. We shall now apply the principle of the entropy
to any reversible or irreversible cycle with any system of

bodies, in the course of which only one heat-reservoir of

constant temperature Q is used. Whatever may be the

nature of the process in detail, there remains at its close no

change of the entropy except that undergone by the heat-

reservoir. According to the first law, we have'

W -f Q = 0.

W is the work done on the system, and Q the heat absorbed

by the system from the reservoir.

According to the second law, the change of the entropy
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of the reservoir, within which only reversible changes of

volume are supposed to take place, is

-Q>0=
or Q < 0,

whence W > 0.

Work has been expended on the system, and heat added

to the reservoir. If, in the limit, the process be reversible,

the signs of inequality disappear, and both the work W
and the heat Q are zero. On this proposition rests the great

fertility of the second law in its application to isothermal

reversible cycles.

§ 140. We shall no longer deal with cycles, but shall

consider the general question of the direction in which a

change will set in, when any system in nature is given.

For chemical reactions in particular is this question of

importance. It is completely answered by the second

law in conjunction with the first, for the second law con-

tains a condition necessary for all natural processes. Let

us imagine any homogeneous or heterogeneous system of

bodies at the common temperature 0, and investigate the

conditions for the starting of any physical or chemical

change. According to the first law, we have for any
infinitesimal change :

cZU = Q + W, (68) .

where U is the total internal energy of the system, Q the

heat absorbed by the system during the process, and W the

work done on the system.

According to the second law, the change of the total

entropy of all the bodies taking part in the process is

(^4> + cZ4>o g

where <l> is the entropy of the system, <!>„
the entropy of

the surrounding medium (air, calorimetric liquid, walls of
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vessels, etc.). Here the sign of equality holds for reversible

cases, which, it is true, should be considered as an ideal

limiting case of actual processes (§ 115).
If we assume that all changes of volume in the surround-

ing medium are reversible, we have, according to (62),

^^ Q

or, by (68), ^<I>o = - ^ '"^
,

On substituting the value of d^Q, we have

d^
^

>
(69)

or d\J -Bd^<V^ (70)

All conclusions with regard to thermodynamic chemical

changes, hitherto drawn by different authors in different

ways, culminate in this relation (70). It cannot in general
be integrated, since the left-hand side is not, in general,

a perfect differential. The second law, then, does not lead

to a general statement with regard to finite changes of a

system taken by itself unless something be known of the

external conditions to which it is subject. This was to be

expected, and holds for the first law as well. To arrive at a

law governing finite changes of the system, the knowledge
of such external conditions as will permit the integration of

the differential is indispensable. Among these the following

are singled out as worthy of note.

§ 141. Case I. Adiabatic Process.—No exchange of

heat with the surroundings being permitted, we have Q = 0,

and, by (68),

dV = W.

Consequently, by (70), d^ > 0.

The entropy of the system increases or remains constant, a

case which has already been sufficiently discussed.
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§ 142. Case II. Isothermal Process.—The temperature

beiug kept constant, (70) passes into

fZ(U
-

0<I>)
< AV

i.e. the increment of the quantity (U -
flfp) is smaller than,

or, in the limit, equal to, the work done on the system.

This theorem is well adapted for application to chemical

processes, since isothermal changes play an important part

in nature.

Putting U - 04> = F, (71)

we have, for reversible isothermal changes :

^F = W
and, on integrating,

F, - Fi = 2W (72)

For finite reversible isothermal changes the total work

done on the system is equal to the increase of F
; or, the

entire work performed by the system is equal to the decrease

of F, and, therefore, depends only on the initial and final

states of the system. Where Fi = F2, as in cyclic processes,

the external work is zero.

The function F, thus bearing the same relation to the

external work that the energy U does to the sum of the

external heat and work, has been called by H. v. Helmholtz

the free energy (freie Energie) of the system. (It should

rather be called "free energy for isothermal processes.")

Corresponding to this, he calls U the total energy (Gesammt-

energie), and the difference U — F = B<^, the latent energy

(gebundene Energie) of the system. The change of the

latter in reversible isothermal processes gives the amount
of the external heat absorbed. This sjjlitting up of total

energy into free and latent energy is applicable to isothermal

processes only.

In irreversible processes, on the other hand, clY < W,
and on integrating we have

F, - Fi < ^W (73)
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The free energy increases by a less amonnt than that which

corresponds to the work done on the system. The results

for reversible and irreversible processes may be stated thus.

In irreversible isothermal processes the work done on the

system is more, or the work done by the system is less, than

it would be if the same change were brought about by a

reversible process, for in that case it would be the differ-

ence of the free energies at the beginning and end of the

process (72).

Hence, any reversible transformation of the system from

one state to another yields the maximum amount of work
that can be gained by any isothermal process between those

two states. In all irreversible processes a certain amount of

work is lost, viz. the difference between the maximum work

to be gained (the decrease of the free energy) and the work

actually gained.
The fact that, in the above, irreversible as well as

reversible processes between the same initial and final states

were considered, does not contradict the proposition that

between two states of a system either only reversible or

only irreversible processes are possible, if no external

changes are to remain in other bodies. In fact, the pro-

cess here discussed involves such changes in the surrounding
medium ; for, in order to keep the system at constant

temperature, an exchange of heat between it and the sur-

rounding medium must take place in one direction or the

other.

§ 143. If the work done during an isothermal process

vanish, as is practically the case in most chemical reactions,

we have
SW = 0,

and, by (73), Fa - Fi < 0,

i.e. the free energy decreases. The amount of this decrease

may be used as a measure of the work done by the forces

(chemical affinity) causing the process, for the same is not

available for external work.

For instance, let an aqueous solution of some non-volatile
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salt be diluted isothermally, the heat of dilution being

furnished or received by a heat-reservoir according as the

energy, U2, of the diluted solution (final state) is greater or

less than the sum, Ui, of the energies of the undiluted

solution and the water added (initial state). The free

energy, F2, of the diluted solution, on the other hand, is

necessarily smaller than the sum, Fi, of the free energies of

the undiluted solution and the water added. The amount

of the decrease of the free energy, or the work done by the
"
affinity of the solution for water

"
during the process of

dilution may be measured. For this purpose, the dilution

should be performed in some reversible isothermal manner,

when, according to (72), the quantity to be measured is

actually gained in the form of external work. For instance,

evaporate the water, which is to be added, infinitely slowly

under the pressure of its saturated vapour. When it has all

been changed to water vapour, allow the latter to expand

isothermally and reversibly until its density equals that

which saturated water vapour would possess at that tempera-
ture when in contact with the solution. Now establish

lasting contact between the water vapour and the solution,

\ whereby the equilibrium will not be disturbed. Finally, by

^^ isothermal compression, condense the water vapour infinitely
' slowly when in direct contact with the solution. It will

then be uniformly distributed throughout the latter. Such

a process, as here described, is composed only of states of

equilibrium. Hence it is reversible, and the external work

thereby gained represents at the same time the decrease

of the free energy, F2 — Fi, which takes place on directly

mixing the solution and the water.

As a further example, we shall take a mixture of

hydrogen and oxygen which has been exploded by means

of an electric spark. The spark acts only the secondary

part of a release, its energy being negligible in comparison
with the energies obtained by the reaction. The work
of the chemical affinities in this process is equal to the

mechanical work that might be gained by chemically com-

bining the oxygen and hydrogen in some reversible and
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isothermal way. Dividing this quantity by the number of

oxidized molecules of hydrogen, we obtain a measure of the

force with which a molecule of hydrogen tends to become
oxidized. This definition of chemical force, however, has

only a meaning in so far as it is connected with that work.

§ 144. In chemical processes the changes of the first

term, U, of the expression for the free energy (71), fre-

quently far surpass those of the second, 0<I>. Under such

circumstances, instead of the decrease of F, that of U, i.e.

the heat effect, may be considered as a measure of the

chemical work. This leads to the proposition that chemical

reactions, in which there is no external work, take place in

such a manner as to give the greatest heat etfects (Berthelot's

principle). For high temperatures, where 0, and for gases
^

and dilute solutions, where $ is large, the term 04> can no

longer be neglected without considerable error. In these

cases, therefore, chemical changes often do take place in

such a way as to increase the total energy, i.e. with the

absorption of heat.

§ 145. It should be borne in mind that all these pro-

positions refer only to isothermal processes. To answer the

question as to how the free energy acts in other processes,

it is only necessary to form the differential of (71) viz. :

and to substitute in the general relation (70). We have

then

dF<W - ^de

for any physical or chemical process. This shows that,

with change of temperature, the relation between the

external work and the free energy is far more complicated. ^

This relation cannot, in general, be used with advantage.

§ 146. We shall now compute the value of the free

energy of a perfect gas. Here, according to (35),

U = M« = M(c„0 + const.),
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and, by (52),

(p = M(^ = M(c^ log + "
log i; + const.).

Substituting in (71), we obtain

F = M{^^0(const
-

log 0) log v + const} (74)

which contains an arbitrary linear function of 0.

For isothermal changes of the gas, we have, by § 142,

cZF < W,

or, by (74), since is const.,

m V ^ —

If the change be reversible, the external work on the

gas is AV = —
^jrfV, but if it be irreversible, then the

sign of inequality shows that the work of compression is

greater, or that of expansion smaller, than in a reversible

process.

§ 147. Case III. Isothermal -isopiestic Process.—

If, besides the temperature 0, the external pressure p be

also kept constant, then the external work is given by the

formula,

W = -i^dN,

and the left-hand side of (69) becomes a complete differ-

ential :

<*-E±i^)>o
In this case, it may be stated that for finite changes the

function,

<,_£+i^ = ^, .... (75)
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must increase, and will remain constant only in tlie limit
when the change is reversible.*

§ 148. Conditions of Equilibrium.—The most general
condition of equilibrium for any system of bodies is derived

from the proposition that no change can take place in the

system if it be impossible to satisfy the condition necessary
for a change.

Now, by (69), for any actual change of the system,

aO
g

> 0.

The sign of equality is omitted, because it refers to ideal

changes which do not actually occur in nature. Equilibrium
is, therefore, maintained if the fixed conditions imposed on

the system be such that they will permit only changes in

which

Here S is used to signify a virtual infinitely small change, 4

in contrast to d, which corresponds to an actual change.

§ 149. In most of the cases subsequently discussed, if any

given virtual change be compatible with the fixed con-

ditions of the system, its exact opposite is also, and is

represented by changing the sign of all variations involved.

This is true if the fixed conditions be expressed by equa-

tions, not by inequalities. Assuming this to be the case,

if we should have, for any particular virtual change,

*
Multiplying (75) by — 6, we get P. Duliem's thermodynamic potential at

constant pressure,
U + pV - 0*,

for which, so long as remains constant, the same propositions hold as for

the function *. However, the equation (153) in § 211, which is important

for the dependence of the equilibrium on temperature and pressure, can be

more conveniently deduced from the function * than from the thermo-

dynamic potential.
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whicli, by (69), would make its occurrence in nature im-

possible, its opposite would conform to the condition for

actual changes (69), and could therefore take place in

nature. To ensure equilibrium in such cases, it is necessary,

therefore, that, for any virtual change compatible with the

fixed conditions,

m _ W
S$ -

^
= . . . . (76)

This equation contains a condition always sufficient, but, as

we have seen, not always necessary to its full extent, for the

maintenance of equilibrium. As a matter of experience,

equilibrium will occasionally subsist when equation (76) is

not fulfilled, even though the fixed conditions permit of a

change of sign of all variations. This is to say, that

occasionally a certain change will not take place in nature,

though it satisfy the fixed conditions as well as the demands

of the second law. Such cases lead to the conclusion that

in some way the setting in of a change meets with a certain

resistance, which, on account of the direction in which it

acts, has been termed inertia resistance, or passive resist-

ance. States of equilibrium of this description are always
unstable. Often a very small disturbance, not comparable
in size with the quantities within the system, suffices to

produce the change, which under these conditions often

occurs with great violence. We have examples of this in

overcooled liquids, supersaturated vapour, supersaturated

solutions, explosive substances, etc. We shall henceforth

discuss mainly the conditions of stable equilibrium de-

ducible from (76).

This equation may, under certain circumstances, be

expressed in the form of a condition for a maximum or

minimum. This can be done when, and only when, the

conditions imposed upon the system are such that the left-

hand side of (76) represents the variation of some one

function. The most important of these cases are dealt with

separately in the following paragraphs. They correspond

exactly to the propositions which we have already deduced
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for special cases. From these propositions it may at once
be seen whether it is a case of a maximum or a minimum.

§ 150. First Case (§ 141).
—If no exchange of heat take

place with the surrounding medium, the first law gives

gU = W,

hence, by (76), g<I) = (77)

Among all the states of the system which can proceed from

one another by adiabatic processes, the state of equilibrium
is distinguished by a maximum of the entropy. Should

there be several states in which the entropy has a maximum

value, each one of them is a state of equilibrium; but if

the entropy be greater in one than in all the others, then

that state represents absolutely stable equilibrium, for it

could no longer be the starting-point of any change what-

soever.

§ 151. Second Case (§ 142).
—If the temperature be

kept constant, equation (76) passes into

<--?) + ^=0,
and, by (71),

- 8F = -W.

Among all the states which the system may assume at a

given temperature, a state of equilibrium is characterized

by the fact that the free energy of the system cannot^
decrease without performing an equivalent amount of work.

If the external work be a negligible quantity, as it is

when the volume is kept constant or in numerous chemical

processes, then W = 0, and the condition of equilibrium

becomes

SF = 0,

i.e. among the states which can proceed from one another

by isothermal processes, without the performance of external

work, the state of most stable equilibrium is distinguished

by an absolute minimum of the free energy.
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§ 152. Third Case (§ 147).
—Keeping the temperature

and the pressure ]) constant and uniform, we have

W = -jjgV, (78)

and the condition of equilibrium (76) becomes

or, by (75), g4^ = (79)

i.e. at constant temperature and constant pressure, the state

of most stable equilibrium is characterized by an absolute

maximum of the function "9^.

AYe shall now proceed to consider, in succession, states

of equilibrium of various systems by means of the theorems

we have just deduced, going from simpler to more compli-

cated cases.



PART IV.

Applications to Special States of Equilibrium.

CHAPTER I.

HOMOGENEOUS SYSTEMS.

§ 153. Let the state of a homogeneous system be deter-

mined, as hitherto, by its mass, M ;
its temperature, ;

and

V
either its pressure, ^, or its specific volume, v =

^.
For

the present, besides M, let and v be the independent

variables. Then the pressure |:>,
the specific energy w =

^,

and the specific entropy ^ — ^ are functions of and v,

the definition of the specific entropy (61) being

On the other hand.

Therefore, since dO and dv are independent of each other,
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These two equations lead to an experimental test of the

second law
; for, diiferentiating the first with respect to v,

the second with respect to 0, we have

dOdv
~

6
'

dddv
~

e 02

i^)r'>(^^r" («")

By this and equation (24), the above expressions for the

differential coeflScients of
tp
become :

§ 154. Equation (80), together with (28) of the first

law, gives the relation :

'--="('!) ('a
• • • («^)

which is useful either as a test of the second law or for the

calculation of e^. when Cp is given. But since in many cases

igo) cannot be directly measured, it is better to introduce

the relation (6), and then

As
(1)^

is necessarily negative, e, is always greater than .„

except in the limiting case, when the coefficient of expansion
is = 0, as in the case of water at 4° C, ;

then Cp
—

c,,
= 0.

^ an example, we may calculate the specific heat at

constant volume, Cc, of mercury at 0"^ C. from the following
data:

Cj,
= 0-0333; = 273=;

<5^A _ _ 1014000

Cdv).
~

0-00000295 . V
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where the denominator is the coefficient of compressibility
in atmospheres (§ 15) ;

the numerator, the pressure of an

atmosphere in absolute units (§ 17) ;
v =

yi^a'
*^^ volume

of 1 gr. of mercury at 0° C.
;

(^^j
= 0-0001812. -y, the

coefficient of thermal expansion (§ 15).

To obtain c„ in calories, it is necessary to divide by the

mechanical equivalent of heat, 419 x 10^ (§ 61). Thus we
obtain from (83)

273 X 1014000 X 0001812^ ^nan-A
""P ""'

~
0-00000295 X 13-6 x 419 x 10^

~ ^'^^^^'

whence, from the above value for c^,

c„ = 0-0279.
_

§ 155. This method of calculating the difference of the

specific heats Cp
—

c„, applicable to any substance, discloses

at the same time the order of magnitude of the different

influences to which this quantity is subject. According to

equation (28) of the first law, the difference of the specific

heats is

"--'="= tiv),
+
^'idil

The two terms of this expression, \-^)\^a)
*^^ H ^) '

depend on the rate of change of the energy with the volume,

and on the external work performed by the expansion

respectively. In order to find which of these two terms has

the greater influence on the quantity Cp
—

c^, we shall find

the ratio of the first to the second :

*

1 /3w\
'^

, f KdvJe

o'.by(80). |*(|\-1
(84).
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A glance at the tables of the coefficients of thermal

expansion and of the compressibility of solids and liquids

shows that, in general, the first term of this expression is

a large number, making the second, —1, a negligible

quantity. For mercury at 0°, e.g., the above data give the

first term to be

^^^ ^^
00001812 _^..^^^ ^
0-00000295

= •^^^^"•

Water at 4° C. is an exception.
It follows that, for solids and liquids, the difference

Cp
—

Cr, depends rather on the relation between the energy
and the volume than on the external work of expansion.
For perfect gases the reverse is the case, since the internal

energy is independent of the volume, i.e.—

©. = "•

During expansion, therefore, the influence of the internal

energy vanishes in comparison with that of the external

work
;
in fact, the expression (84) vanishes for the charac-

teristic equation of a perfect gas. With ordinary gases,

however, both the internal energy and the external work

must be considered.

§ 156. The sum of both these influences, i.e. the whole

expression Cp
— c„ may be said to have a small value for

most solids and liquids ;
thus the ratio -? = y is but slightly

greater than unity. This means that in solids and liquids
the energy depends far more on the temperature than on the

volume. For gases, 7 is large ; and, in fact, the fewer the

number of atoms in a molecule of the gas, the larger does

it become. Hydrogen, oxygen, and most gases with diatomic

molecules have 7 = 141 (§ 87). The largest value of 7 ever

observed is that found by Kundt and Warburg for the

monatomic vapour of mercury, viz. 1666.

§ 157. For many applications of the second law it is
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convenient to introduce p instead of v as an independent
variable. We have, by (61),

,^ du-\-pdv \/du\ . /dv\]d6 , \/du\ ,

/dv\ ]dp^ r- =
lUi +

n,5e)JT
+ W, +Am

On the other hand,

''*
=
(i)/''

+
(|)A

whence,
(^-|)^

= _^-^
:

and r^^l - WA"^Hv,

Differentiating the first of these with respect to jj,
the

second with respect to 0, we get

dddp 9 6 6|2

The differential coefficients of ^ become, then, by (26),

(lel
=
t=''°HS),= -(55);

Finally, differentiating the first of these with respect to

p, the second with respect to 0, and equating, we have

0r-C^ («^)

This equation contains only quantities that can be directly

measured, and establishes a relation between the rate of

change of the coeflficient of thermal expansion of the sub-

stance with temperature {i.e.
the deviation from Gay-Lussac's
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law), and the rate of change of the specific heat with

pressure.

§ 158. By means of the relations furnished by the second

law we may also draw a further conclusion from Thomson
and Joule's experiments (§ 70), in which a gas was slowly

pressed through a tube plugged with cotton wool. The

interpretation in § 70 was confined to their bearing on the

properties of perfect gases. It has been mentioned that the

characteristic feature of these experiments consists in giving
to a gas

—without adding or withdrawing heat *—an increase

of volume, Va — Vi, or v-2
— Vi per unit mass, while the

external work done per unit mass is represented by

This expression vanishes in the case of perfect gases, since

then the temperature remains constant. In the case of

actual gases we may put

Ih = p, Ih = i^ + ^P (A p < 0)

Vi = V, V2 = V + ^v (A v> 0)

whence W = —
^ij)v),

and by the first law, since Q = 0,

Aw = W + Q = -
M^v).

For the sake of simplicity we shall assume Aj:>
and Av

to be small, and we may then write the above equation :

or, by (24), (82), and (80),

* Whether this condition is actually fulfilled may be ascertained by
measurements in the medium surrounding the tube through which the gas
flows.
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and, by (6)

^dv

A0 = J£^^£ Ap . . .• (86)
'p

By means of this simple equation, the change of tempera-
ture (A0) of the gas in Thomson and Joule's experiments,
for a difference of pressure AjJ, may be found from its

specific heat, c,,,
and its deviation from Gay-Lussac's law.

If, under constant pressure, v were proportional to 6, as in

Gay-Lussac's law, then, by equation (86), A0 = 0, as is

really the case for perfect gases.

§ 159. Thomson and Joule embraced the results of their

observations in the formula

A0 =
^Ap,

where a is a constant. If we express p in atmospheres, we

have, for air,

a = 0-276 X (273)2.

No doubt the formula is only approximate. Within the

region of its validity we get, from 86,

and, differentiating with respect to B,

d^v\ _ a /dep\ _ 2aCp^
~Q\Te)p~~W<w\

whence, by the relation (85),

/5cp\ ,a(dcp\ _2acp_^
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The general solution of this differential equation is

where / denotes an arbitrary function of its argument,

If we now assume that, for small values of
'p,

the gas, at

any temperature, approaches indefinitely near the ideal state,

then, when
'p
= 0, Cp becomes a constant = 4"^ (for ^ir, Sp'

= 0*238 calorie). Hence, generally,

or . =—iL_ (88)

This expression for
e^^

will serve further to determine v in

terms of and p. It follows from (87) that

de\eip= B'-i^ -3ap)^

whence

^ = T,:^(Vl-?3' +
ft).

. (89)

This is the characteristic equation of the gas, and /3,
the

constant of integration, may be determined from its density
at 0° C. and atmospheric pressure. Equations (88) and (89),

like Thomson and Joule's formula, are valid only within

certain limits. It is, however, of theoretical interest to see

how the different relations necessarily follow from one

another.

§ 160. A further, theoretically important application of

the second law is the determination of the absolute tem-

perature of a substance by a method independent of the
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deviations of actual gases from the ideal state. In § 4 we
defined temperature by means of the gas thermometer, but

had to confine that definition to the cases in which the

readings of the different gas thermometers (hydrogen, air,

etc.) agree as nearly as the desired accuracy of the result

requires. For all other cases (including mean temperatures,
when a high degree of accuracy is desired) we postponed
the definition of absolute temperature. Equation (80)
enables us to give an exact definition of absolute tempera-
ture, entirely independent of the behaviour of special

substances.

Given the temperature readings, t, of any arbitrary
thermometer (mercury-thermometer, or the scale deflection

of a thermo-element, or of a bolometer), our problem is to

reduce the thermometer to an absolute one, or to express
the absolute temperature as a function of t. We may by
direct measurement find how the behaviour of some appro-

priate substance, eg. 9. gas, depends on t and either v or
'p.

Introducing, then, t and v as the independent variables in

(80) instead of and v, we obtain

0^r<
where f^),^, and

(„^j represent functions of t and v,

which can be experimentally determined. The equation
can then be integrated thus :

If we further stipulate that at the freezing-point of water,

where ^ = ^0,^ = ^0 = 273, then.
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This completely determines as a function of t. It is

evident that the volume, v, no longer enters into the

expression under the sign of integration.

§
161. The numerator of this expression may be found

directly from the characteristic equation of the substance.

The denominator, however, depends on the amount of heat

which the substance absorbs during isothermal reversible

expansion. For, by (22) of the first law, the ratio of the

heat absorbed during isothermal reversible expansion to the

change of volume is

(!>),
=

(5-"),+^'-

§ 162. Instead ofmeasuring the quantity of heat absorbed

during isothermal expansion, it may be more convenient,

for the determination of the absolute temperature, to experi-
ment on the changes of temperature of a slowly escaping

gas, according to the method of Thomson and Joule. If we

introduce t (of § 160) instead of into equation (86), which

represents the theory of those experiments on the absolute

temperature scale, we have

(

(It

Wp
~

\dtjp

'

cW
dt , dt_ / q\ _ f 9\ dt _ ,dt~

\de)p
~

\dt)p

'

dO
~

^PdO

where
c?^

is the specific heat at constant pressure, determined

by a ^ thermometer. Consequently, by (86),

/'dv\ dt

and again, by integration,

log|=|-^^=J-- • • (90)
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The expression to be integrated again contains quantities
which may be measured directly with comparative ease.

§ 163. The stipulation of § 160, that, at the freezing-

point of water, 6 = Bq = 273, implies the knowledge of the

coefficient of expansion, a, of perfect gases. Strictly speak-

ing, however, all gases show at all temperatures deviations

from the behaviour of perfect gases, and disagree with one

another. To rid ourselves of any definite assumption about

a, we return to our original definition of temperature, viz.

that the difference between the absolute temperature of

water boiling under atmospheric pressure (0i), and that of

water freezing under the same pressure (Oo), shall be

01 _ 00 = 100 (91)

Now, if ti be the boiling-point of water, measured by

means of a ^ thermometer, then, by (90),

and, eliminating Bo and Bi from (90), (91), and (92), we find

the absolute temperature :

B = ^,^^ (93)

From this we obtain the coefficient of thermal expansion of

a perfect gas, independently of any gas thermometer,

„-l = ^-l:ii (94)" -
00 100

^ ^

Since, in both J and Ji, the expression to be integrated

depends necessarily on t only, it is sufficient for the calcula-

tion of the value of the integral to experiment at different

temperatures under some simplifying condition, as, for

instance, always at the same pressure (atmospheric pressure).

§ 164. The formula may be still further simplified by
K
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using as thermometric substance in the t thermometer the

same gas as that on which Thomson and Joule's experi-
ments are being performed. The coefficient of expansion,

o', referred to temperature t, is then a constant, and if, as is

usual, we put Iq = 0, and ti = 100,

V = ^0(1 + at),

Vq being the specific volume at the melting-point of ice

under atmospheric pressure. Also

U = "''

Hence, by (90),

and, by (92),

J = •' «''"

J} + "

J I a'dt
Ji =

Vo A})

In the case of an almost perfect gas (e.g. air), At is small,

c
'

At
and the term -^ • -— acts merely as a correction term,

Vo A})

and, therefore, no great degree of accuracy is required in

the determination of Cp and vq. For a perfect gas we should

have A^ = 0, and, from the last two equations,

J = log (1 + a't), Ji = log (1 + 100a') ;

therefore, by (93),
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As soon as accurate measurement of even a single
substance has determined as a function of t, the question

regarding the value of the absolute temperature may be

considered as solved for all cases.

The absolute temperature may be determined not only

by experiments on homogeneous substances, but also from

the theory of heterogeneous substances (cf. § 177).



CHAPTEK II.

SYSTEM IN DIFFERENT STATES OF AGGREGATION.

§ 165. We shall discuss in this chapter the equilibrium of

a system which may consist of solid, liquid, and gaseous

portions. We assume that the state of each of these

portions is fully determined by mass, temperature, and

volume; or, in other words, that the system is formed of

but one independent constituent (§ 198). For this it is not

necessary that any portion of the system should be chemi-

cally homogeneous. Indeed, the question with regard to

the chemical homogeneity cannot, in general, be completely
answered (§ 92). It is still very uncertain whether the

molecules of liquid water are the same as those of ice. In

fact, the anomalous properties of water in the neighbour-
hood of its freezing-point make it probable that even in

the liquid state its molecules are of different kinds. The
decision of such questions has no bearing on the investiga-

tions of this chapter. The system may even consist of

a mixture of substances in any proportion ;
that is, it may

be a solution or an alloy. What we assume is only this :

that the state of each of its homogeneous portions is quite
definite when the temperature and the specific volume v

are definitely given, and that, if the system consists of

different substances, their proportion is the same in all

portions of the system. We may now enunciate our problem
in the following manner :

—
Let us imagine a substance of given total mass, M,

enclosed in a receptacle of volume, V, and the energy, U,
added to it by heat-conduction. If the system be now
isolated and left to itself, M, V, and U will remain con-

stant, while the entropy, <P, will increase. We shall now
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investigate the state or states of equilibrium which the

system may assume, finding at the same time the conditions

of its stability or instability. This investigation may be

completely carried through by means of the proposition

expressed in equation (77), that of all the states that may
adiabatically arise from one another, the most stable state

of equilibrium is characterized by an absolute maximum of

the entropy. The entropy may in general, however, as

we shall see, assume several relative maxima, under the

given external conditions. Each maximum, which is not

the absolute one, will correspond to a more or less un-

stable equilibrium. The system in a state of this kind

{e.g. as supersaturated vapour) may occasionally, upon

appropriate, very slight disturbances, undergo a finite

change, and pass into another state of equilibrium, which

necessarily corresponds to a greater value of the entropy.

§ 166. We have now to find, first of all, the states in which

the entropy <!> becomes a maximum. The most general as-

sumption regarding the starte of the system is that it consists

of a solid, a liquid, and a gaseous portion. Denoting the

masses of these portions by Mi, M2, Mg, but leaving open,

for the present, the question as to which particular portion

each suffix refers, we have for the entire mass of the system

Ml + M2 + M3 = M. All the quantities are positive, but

some may be zero. Further, since the state under discussion

is to be one of equilibrium, each portion of the system, also

when taken alone, must be in equilibrium, and therefore of

uniform temperature and density. To each of them, there-

fore, we may apply the propositions which were deduced in

the preceding chapter for homogeneous substances. If

Vij •^2, "ysj denote the specific volumes, the given volume of

the system is

MiVi + M2V2 + M3V3 = V.

Similarly, the given energy is

MiWi + M2W2 + MgWg = U,

where Wi, %, W3 denote the specific energies of the portions.
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These three equations represent the given external

conditions.

§ 167. For the entropy of the system we have

*^i5 ^2i i>3 heing the specific entropies.

For an infinitesimal change of state this equation gives

Since, by (61), we have, in general,

^ hi + ])Sv
dfp
=

^
.

we obtain

g4> = ;gM^^ + ^M^l^^^ + S^,8M. . (95)
By 6>i

These variations are not all independent of one another.

In fact, from the equations of the imposed (external) con-

ditions, it follows that

^mi =
]

SMig«;i + SvigMi = . . . (96)"

-2MigHi+ 2»igMi = J

With the help of these equations we must eliminate

from (95) any three variations, in order that it may contain

only independent variations. If we substitute in (95), for

instance, the values for S3l2, 3^2, and hi^ taken from (96), the

equation for S4' becomes

(^ A ^^2
- ^3 1\{V^

-
Vs)\^^r

(97)
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Since the six variations occurring in this expression are

now independent of one another, it is necessary that each of

their six coefficients should vanish, in order that S<I> may be

zero for all changes of state. Therefore

'

Oi = 02 =
^aC

= 0)

fl
—

<P2
—

<^2
-

</'3
=

(98)

These six equations represent necessary properties of any
state, which corresponds to a maximum value of the entropy,
i.e. of any state of equilibrium. As the first four refer to

equality of temperature and pressure, the main interest

centres in the last two, which contain the thermodynamical

theory of fusion, evaporation, and sublimation.

§ 168. These two equations may be considerably simpli-

fied by substituting the value of the specific entropy ^,

which, as well as u and
^j,

is here considered as a function of

and V. For, since (61) gives, in general,

, du -\- pdv
cl(p

=
g >

we get, by integration,

,1

du + 2>dv
^1

—
02 = e

where the upper limit of the integral is characterized by the

values Bi, Vi, the lower by O2, V2. The path of integration

is arbitrary, and does not influence the value of ^i
—

^2.

Since, now, B^ = O2 = 6 (by 98), we may select an isothermal

path of integration (B const.). This gives

Ml - W2
,

1 P 7

'^ = —IT- +
tilf"-
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The integration is to be taken along an isotherm, since f
is a known function of and v determined by the charac-

teristic equation of the substance. Substituting the value

of
<pi
—

(f)2
in the equations (98), we have the relations:

J V2

p / ^ )
• • • • (99)

to which we add jh = jh = 2h

With the four unknowns B, Vi, v.j, i% we have four equations
which the state of equilibrium must satisfy. The constants

which occur in these equations dej^end obviously only on

the chemical nature of the substance, and in no way on the

given values of the mass, M, the volume, V, and the energy,

U, of the system. The equations (99) might therefore be

called the system's internal or intrinsic conditions of equili-

brium, while those of § 166 represent the external conditions

imposed on the system.

§ 169. Before discussing the values which the equations

(.99) give to the unknowns, we shall investigate generally

whether, and under what condition, they lead to a maximum
value of the entropy and not to a minimum value. It is

necessary, for this purpose, to find the value of S'^<I>. If

this be negative lor all virtual changes, then the state

considered is certainly one of maximum entropy.

.\ ^ From the expression for §<!> (97) we obtain S^4», which

J^ may be greatly simplified with the heljj of the equations

(98).
The equations of the imposed external conditions/^

and the equations (96) further simplify the result, and we

obtain, finally,

This may be written

0gM> = -2Mx(g^ig0i
-

^iHcih)
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To reduce all variations to those of the independent
variables, and v, we may write, according to (81),

and 8, = (1)^.9
+
(II);.

/. 0gM> = -
2Mi(^''J^'80i'

-
(^') Wy . (100)

Obviously, if the quantities {c„)i, (6^)2, {cv)3 be all posi-

tive, and the quantities ( /-M ... all negative, 8^<t> is

negative in all cases, and $ is really a maximum, and the

corresponding state is a state of equilibrium. Since c„ is

the specific heat at constant volume, and therefore always

positive, the condition of equilibrium depends on whether

( „- ) is negative for all three portions of the system or not.

In the latter case there is no equilibrium. Experience

immediately shows, however, that in any state of equi-

librium ^ is negative, since the pressure, whether positive

or negative, and the volume always change in opposite

directions. A glance at the graphical representation of p,

as an isothermal function of v (Fig. 1, § 26), shows that

dp .

there are certain states of the system in which
^-

is posi-

tive. These, however, can never be states of equilibrium,

and are, therefore, not accessible to direct observation. If,

on the other hand,
^^~

be negative, it is a state of equi-

librium, yet it need not be stable; for another state of

equilibrium may be found to exist which corresponds to

a greater value of the entropy.

We shall now discuss the values of the unknowns, d, ly

i'2, V3, which represent solutions of the conditions of equi-

librium (98). Several such systems may be found. There-

after, we shall deal (beginning at § 189) with the further
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question as to which of the different solutions in each case

represents the most stable equilibrium under the given
external conditions; i.e. which one leads to the larjiest

value of the entropy of the system.

't>^

§ 170. First Solution.—If we put, in the first place,

Vx = V.2
=

l'3(
=

V)

all the equations (98) are satisfied, for, since the tempera-
ture is common to all three portions of the system, their

states become absolutely identical. The entire system is,

therefore, homogeneous. The state of the system is deter-

mined by the equations of § 166, which give the imposed
conditions. In this case they are

Ml + M2 + 3I3 = 31

vQ,h + M2 + 3I3)
= Y

«(Mi + M2 + M3) = U

.-, V = ^ and u = ^^M M

From V and u, 6 may be found, since u was assumed to be

a known function of and v.

This solution has always a definite meaning ; but, as we

saw in equation (100), it represents a state of equilibrium

only when
^-

is negative. If this be the case, then, the

equilibrium is stable or unstable, according as under the

external conditions there exists a state of greater entropy

or not. This will be discussed later.

§ 171. Second Solution.—If, in the second case, we put

'l^l < v.2, V.2
= V3,

the states 2 and 3 coincide, and the equations (98) reduce to

Pi = V-2
I

ui -u<i+ 2)1(^1
-

V2) \
. (101)

(l>i

-
<t>-2

=
^ J
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or, instead of the second of these equations,

I -pdv = jhivi
-

V2) . . . . (102)
J V2

In this case two states of the system coexist
;
for instance,

the vapour and the liquid. The equations (101) contain

three unknowns, B, Vi, v^ ; and hence may serve to express Vi

and ^2? consequently also the pressure pi = 2h> aid the

specific energies Ui and U2, as definite functions of the

temperature 0. The internal state of two heterogeneous

portions of the same substance in contact with one another

is, therefore, completely determined by the temperature.
The temperature, as well as the masses of the two portions,

may be found from the imposed conditions (§ 166), which

are, in this case,

M, + (M2 + M3) = M
)

M^v, + (M2 + Ms)v, = V . . (103)

Mi«i -f (M2 + Ms}ii.2
= U )

These equations serve for the determination of the three

last unknowns, 6, Mi, and M2 + M3. This completely
determines the physical state, for, in the case of the masses

M2 and M3, it is obviously sufficient to know their sum.

Of course, the result can only bear a physical interpretation
if both Ml and M2 + M3 have positive values.

§ 172. An examination of equation (102) shows that it

can be satisfied only if the pressure, }>,
which is known to

have the same value ( j^i
=

2h) for both limits of the integral,

assume between the limits values which are partly larger

and partly smaller than jh. Some of these, then, must

correspond to unstable states (§ 169), since in certain places

p and V increase simultaneously (^ >
Oj.

The equation

admits. of a simple geometrical interpretation with the help
of the above-mentioned graphical representation of the

characteristic equation by isotherms (Fig. 1, § 26). For

the integral / ^cZy is represented by the area bounded by
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the isotherm, the axis of abscissae, and the ordinates at Vy

and V2, while the product ih{vi
—

v^) is the rectangle formed

by the same ordinates (^i = p^, and the length {vi
—

Vg).

We learn, therefore, from equation (102) that in every
isotherm the pressure, under which two states of aggregation
of the substance may be kept in lasting contact, is repre-
sented by the ordinate of the straight line parallel to the

axis of abscissae, which intercepts equal areas on both sides

of the isotherm. Such a line is represented by ABC in

Fig. 1. We are thus enabled to deduce directly from the

characteristic equation for homogeneous, stable and unstable,

states the functional relation between the pressure, the

density of the saturated vapour and of the liquid in contact

with it, and the temperature.

Taking Clausius' equation (12) as an empirical expres-
sion of the facts, we have, for the specific volume Vi of the

saturated vapour, and v.2 of the liquid in contact with it,

the two conditions

m _ G ^ m e

Vx — a d{vi 4- by
~

V2
— a 0(v2 + b)'^'

and, from (102),

By means of these Vu ^2, and 2h = 2^ ^^J ^ expressed as

functions of 0, or, still more conveniently, Vi, v^, jh, and 6 as

functions of some appropriately selected independent variable.

With Clausius' values of the constants for carbon dioxide

(§ 25), this calculation furnishes results which show a satis-

factory agreement with Andrews' observations. According
to Thiesen, however, Clausius' equation is by no means the

general form of the characteristic equation.

§ 173. We shall now follow the interpretation of the

equation (101) in other directions. If we put, for shortness,

u-e<l>=f (104)

(free energy per unit mass, by equation (71)),
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the equations (101) become, simply,

jPi=^-2 (105)

f^-fi=Pi{v,-v^) (106)

The function/ satisfies the following simple conditions.

By (79a), (1)^
= -

^ (107)
«/

Also, by (104),

and, by (80) and (81),

dfl
= -^ ('^'^^

The conditions of equilibrium for two states of aggrega-
tion in mutual contact hold for the three possible com-

binations of the solid and liquid, liquid and gaseous,

gaseous and solid states. In order to fix our ideas, how-

ever, we shall discuss that solution of those equations which

corresponds to the contact of a liquid with its vapour.

Denoting the vapour by the subscript 1, the liquid by 2, Vi

is then the specific volume of the saturated vapour at the

temperature 0; pi = jh^ its pressure ; V2 the specific volume

of the liquid with which it is in contact. All these

quantities, then, are functions of the temperature only,
which agrees with experience.

§ 174. Further theorems may be arrived at by the

differentiation of the conditions of equilibrium with respect

to 0. Since all variables now depend only on 0, we shall

use -j^ to indicate this total differentiation, while partialdo

differentiation with regard to 6 at constant v will be

expressed, as hitherto, by ^-
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Equations (105) and (106), thus differentiated, give

d^
~

cW

But, by (107) and (108), we have

de dd~\de)^^\dvJ, do KdoK \dv}, d~e

dv.2 , dvi

whence, by substitution,

or, finally, by (101),

(wi
-

u,) + 2h(vx
-

V,)
=

B{v,
-

v,f^. (109)

Here the left-hand side of the equation, according to

equation (17) of the first law, represents the heat of

vaporization, L, of the liquid. It is the heat which must
be added to unit mass of the liquid, in order to completely

change it to vapour under the constant pressure of its

saturated vapour. For the corresponding change of energy
is Wi — %, and the external work performed, here negative,
amounts to

W = -
2hivi

-
V2)

:. L = «i - U2+ 2h{vi
-

V2), . . (110)

whence L = %i -
-yg)^ (Ill)

This equation, deduced by Clapeyron from Carnot's theory,

but first rigorously proved by Olausius, may be used

for the determination of the heat of vaporization at

any temperature, if we know the specific volumes of the

saturated vapour and the liquid, as well as the relation

between the pressure of the saturated vapour and the
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temperature. This formula has been verified by experiment
in a large number of cases.

§ 175. As an example, we shall calculate the heat of

vaporization of water at 100' C, i.e, under atmospheric

pressure, from the following data :
—

= 273 + 100 = 373.

Vi = 1658 (volume of 1 gr. of saturated water

vapour at 100° in c.c, according^to Wiillner).

V2
— 1 (volume of 1 gr. of water at 100° in c.c).

-~^
is found from the experiments of Regnault. Saturated

water vapour at 100° C. gave an increase of pressure of

27*2 mm. of mercury for a rise of 1' C. In absolute units,

by §7,

W -
760

"^ lOldboO.

Thus, the required latent heat of vaporization is

^ 373 X 1657 X 27-2 x 1013650 _^ -
76rxTi9 >rio^

~ ^"^^ ''*^-

By direct observation Regnault found the heat of vaporiza-

tion of water at 100° C. to be 536.

§ 176. As equation (110) shows, part of the heat of

vaporization, L, corresponds to an increase of energy, and

part to external work. To find the relation between these

two it is most convenient to find the ratio of the external

work to the latent heat of vaporization, viz.

jJi(^i
-

V2) _ Pi .

L fApi

In the above case 2^
= 760 mm., = 373, ,^

= 272 mm.,

and therefore,

pijvi
-

V2) _ 76 _ ^.^„^
L

"
373 X 27-2

~ ^ '^-
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This shows that the external work forms only a small

part of the value of the latent heat of vaporization.

§ 177. Equation (Hi) also leads to a method of

calculating the absolute temperature %, when the latent

heat of vaporization, L, as well as the pressure and the

density of the saturated vapour and the liquid, have been

determined by experiment in terms of any scale of

temperature t (§ 160). We have

and therefore may be determined as a function of t. It

is obvious that any equation between measurable quantities,

deduced from the second law, may be utilized for a deter-

mination of the absolute temperature. The question as to

which of those methods deserves preference is to be decided

by the degree of accuracy to be obtained in the actual

measurements.

§ 178. A simple approximation formula, which in many
cases gives good, though in some, only fair results, may be

obtained by neglecting in the equation (111) the specific

volume of the liquid, v^, in comparison with that of the

vapour, Vi, and assuming for the vapour the characteristic

equation of a perfect gas. Then, by (14),

vi = — ,

m'px

where R is the absolute gas constant, and m the molecular

weight of the vapour. Equation (111) then becomes

L = ?.'^'.fj .... (112)m pi do ^ ^

For water at 100° C. we have K = 1 971 ;
m = H2O = 18

;
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= 373
; iH = 760 mm. ;

^^'
= 272 mm. Hence the

latent heat of vaporization is

^ 1-971 X 3732 X 27-2 ..^ ,^ =
18 X 760

=
^^^/'^l-

This value is somewhat large (§ 175). The cauip of this

lies in the fact that the volume of saturated water vapour
at 100° is in reality smaller than that calculated from the

characteristic equation of a perfect gas of molecular weight
18. But, for this very reason, accurate measurement of the

heat of vaporization may serve as a means of estimating
from the second law the amount by which the density of a

vapour deviates from the ideal value.

Another kind of approximation formula, valid within the

same limits, is found by substituting in (109) the value of

the specific energy Wi = c„0 + const., which, by (39), holds

for perfect gases. We may put the specific energy of the

liquid «2 = ^^2^ + const., if we assume its specific heat, c.2, to

be constant, and neglect the external work. It then follows

from (109) that

(cv
- cM + const. H = - . — .

/^.

If we multiply both sides by rp>
tliis equation may be

integrated, term by term, and we finally obtain with the

help of (33)

Pi

where a and h are positive constants ; Cp and Ca the specific

heats of the vapour and the liquid, at constant pressure. This

relation between the pressure of the saturated vapour and

the temperature is the more approximately true, the further

the temperature lies below the critical temperature of the

vapour.
L
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For mercury vapour, for example, according to a calcula-

tion by H. Hertz, if
jji be given in mm, of mercury,

a = 3-915 X 10^0; b = 7695;
^=^(Cj>

-
c^)

= - 0-847.

§ 179. Equation (111) is applicable to the processes of

fusion and sublimation in the same manner as to that of

evaporation. In the first case L denotes the latent heat of

fusion of the substance, if the subscript 1 correspond to the

liquid state and 2 to the solid state, and j^i the melting

pressure, i.e. the pressure under which the solid and the

liquid substance may be in contact and in equilibrium. The

melting pressure, therefore, just as the pressure of evapora-

tion, depends on the temperature only. Conversely, a

change of pressure produces a change in the melting point :

dO d(vi
-

Va) ... , o^

dpr L (^^"^

For ice at 0° C. and under atmospheric pressure, we have

L = 80 X -119 X 10^ (heat of fusion of 1 gr. of ice in C.G.S.

units) ;

6 = 213;

Vi = 1-0 (vol. of 1 gr. of water at 0° C. in c.c.) ;

^2 = 1 09 (vol. of 1 gr, of ice at 0° C. in c.c).

d9
To obtain -5

— in atmospheres we must multiply by 1,013,650 :

dS 273x0-09x1013650 ^^^^, ,,,,,

dj,
= -

80 X 419 X 10^
= - ^'^^^^- ^11^)

On increasing the external pressure by 1 atmosphere, the

melting point of ice will, therefore, be lowered by 0074'

C.
; or, to lower the melting point of ice by 1° C, the pressure

must be increased by about 130 atmospheres. This was first

verified by the measurements of W. Thomson (Lord Kelvin).

Equation (113) shows that, conversely, the melting point of

substances, which expand on melting, is raised by an increase
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of pressure. This has been qualitatively and quantitatively
verified by experiment.

§ 180. By means of the equations (101) still further

important properties of substances in different states may
be shown to depend on one another. From these, along
with (110), we obtain

L

Differentiating this with respect to 0, we have

^'dB 0'~\dei'^\dvJe'de \de)v \dv)g' dO'

or, by (81),

_ (cvh. , (dpiX dvx _ (c^ _ /5/)2\ d^~
e ^\de)/ de e \dti)/ do'

We now introduce Cp, the specific heat at constant pressure,

for Cv, that at constant volume, and obtain by (82), on

multiplying by 6,

or, since for both states, according to (6),

dL L .

f^idvi. ndpi. ,(dji\
dvn

-fe)^+«(li\-[(MHla-t]-

Now, the expressions within the brackets are identical with

d2h _ (hh ^ _
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This gives, finally,

This equation, which is rigorously true, again leads to a

test of the second law, since all the quantities in it may be

observed independently of one another.

§ 181. We shall again take as example saturated water

vapour at 100° C. (atmospheric pressure), and calculate

its specific heat at constant pressure. We have the following
data:

(cp)2
= 103 (= spec, heat of liquid water at 100^ C) ;

L = 536
;

= 373
;

~Tn—~ 0*708 (decrease of the heat of vaporization with

increase of temperature, according to Kegnault's

observations).

We determine v, and (n/iM from the observations of

Him, who found the volume of 1 gr. of steam, at 100° under

atmospheric pressure, to be 16504 c.c. ;
and at 1185°,

1740 c.c, whence

K'-nt /"^M 1740-16504 ,,,,„
Vi = lbo04

; -^ )
= ^^-- = 4-843.

'

V^^/p 18-0

5Vo
Also .,=

l-0;(,^^)^
= 001.

These values, substituted in (115), give

(c^)i
-

(c>)2
= -

0-56,

or, (c^)i
=

(cp)2
- 0-56 = 103 - 0-56 = 047.

By direct measurement, Kegnault found the mean specific

heat of steam under atmospheric pressure for temperatures
somewhat higher than 100° C. to be 048.
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§ 182. The relation (115) may be simplified, but is in-

accurate, if we neglect the volume v.^ of the liquid in com-

parison with V, that of the vapour, and apply to the vapour
the characteristic equation of a perfect gas.

Then Vx
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Hence, by the above equation,

i.e., if the melting point of ice be lowered 1° C. by an

appropriate increase of the external pressure, its heat of

fusion decreases by 0*64 cal.

§ 184. It has been repeatedly mentioned in the early

chapters, that, besides the specific heat at constant pressure,
or constant volume, any number of specific heats may be

defined according to the conditions under which the heating
takes place. Equation (23) of the first law holds in each

case:

_ du dv

In the case of saturated vapours special interest attaches

to the process of heating, which keeps them permanently in

a state of saturation. Denoting by //i the specific heat of

the vapour corresponding to this process (Clausius called it

the specific heat of " the saturated vapour "), we have

,, = f| + 4'. .... (116)

No oif-hand statement can be made with regard to the

value of //i ;
even its sign must in the mean time remain

uncertain. For, if during a rise of temperature of 1' the

vapour is to remain just saturated, it must evidently be

compressed while being heated, since the specific volume of

the saturated vapour decreases as the temperature rises.

This compression, however, generates heat, and the question

is, whether the latter is so considerable that it must be in

part withdrawn by conduction, so as not to superheat the

vapour. Two cases may, therefore, arise : (1) The heat of

compression may be considerable, and the withdrawal of

heat is necessary to maintain saturation at the higher

temperature, i.e. hi is negative. (2) The heat of compres-
sion may be too slight to prevent the compressed vapour.
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without the addition of heat, from becoming supersaturated.

Then, li\ has a positive value. Between the two there is a

limiting case {hi = 0), where the heat of compression is

exactly sufficient to maintain saturation. In this case the

curve of the saturated vapour coincides with that of

adiabatic compression. Watt assumed this to be the case

for steam.

It is now easy to calculate hi from the above formulae.

Calling /i2 the corresponding specific heat of the liquid, we

have

^ =
T0+^^zr ' • • • (^^^>

During heating, the liquid is kept constantly under the

pressure of its saturated vapour. Since the external

pressure, unless it amount to many atmospheres, has no

appreciable influence on the state of a liquid, the value of

Ag practically coincides with that of the specific heat at

constant pressure,

h={c„h (118)

Subtracting (117) from (116), we get

d{ui
-

W2) d{vi- V,)hi-h,-
^g

+ lh~^-
-

But (110), differentiated with respect to Q, gives

fZL _ d{ui
-

n.2)
d{vi

- v^) .dpim -—m— ^ ^''~~do^ + ^''^ "''^cW

,./,,_ A, = ^^_(^,_^,)^\

or, by (118) and (111),

For saturated water vapour at 100°, we have, as above,

dL
de(c,,)2

= 1-03; '^'
= - 0-71; L = 536; = 373;
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whence

hy = 1-03 - 0-71 -
Ifl = - 1-12.

Water vapour at 100° C. represents the first of the cases

described above, i.e. saturated water vapour at lOO'^ is

superheated by adiabatic compression. Conversely, satu-

rated water vapour at 100^ becomes supersaturated by
adiabatic expansion. The influence of the heat of compres-
sion (or expansion) is greater than the influence of the

increase (or decrease) of the density. Some other vapours
behave in the opposite way.

§ 185. It may happen that, for a given value of 6, the

values of Vi and v.2, which are fully determined by the

equation (101), become equal. Then the two states which are

in contact with one another are identical. Such a value of

is called a critical iemj^erature of the substance. From a

purely mathematical point of view, every substance must

be supposed to have a critical temperature for each of the

three combinations, solid-liquid, liquid-gas, gas-solid. This

critical temperature, however, will not always be real. The
critical temperature 6 and the critical volume Vi = v.2, fully

determine the critical state. We may calculate it from the

equations (101) by finding the condition that Vi — V2 should

vanish. If we first assume Vi — V2 to be very small, Taylor's
theorem then gives for any volume v, lying between Vi

and V2,

P =
1"- + (1)/"

-
«.) + i(^(-

- nf . . . (119)

and therefore the first equation (101) becomes

and equation (102), by the integration of (119) with respect
to V, gives

M'^i
-

'"^) +
'J^J'^i'^i

-
^2)' + 2^(a^^)

(«^i
-

y2)'=i>2(vi
-

v.2).
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The last two equations give, as the conditions of the critical

state,

(E = «.

These conditions agree with those found in § 30. They are

there geometrically illustrated by the curve of the critical

isotherm. In the critical state the compressibility is infinite ;

so are also the thermal coefficient of expansion and the

specific heat at constant pressure ;
the heat of vaporization

is zero.

For all temperatures other than the critical one, the

values of t'l and v.2 are different. On one side of the critical

isotherm they have real, on the other imaginary values.

In this latter case our solution of the problem of equilibrium
no longer admits of a physical interpretation. Several

reasons may be given for assuming that not only for

evaporation but also for fusion in the case of many sub-

stances there exists a real critical temperature at which the

solid and liquid states are identical (§ 31 and § 191).

§ 186. Third Solution.—In the third place, we shall

assume that in the conditions of equilibrium (98)

Vl < «'2 < V^.

We have then, without further simplification,

h-h =
g

J
. . (120)

h- h =

These refer to a state in which the three states of aggrega-
tion are simultaneously present. There are four equations,

and these assign definite values to the four unknowns 0, Vi,

V2, Vs. The coexistence of the three states of aggregation in

equilibrium is, therefore, possible only at a definite tempe-

rature, and with definite densities; therefore, also, at a
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definite pressure. We shall call this temperature the

fundamental temperature, and the corresponding pressure

the fundamental 'pressure of the substance. According to

equations (120), the fundamental temperature is character-

ized by the condition that at it the pressure of the saturated

vapour is equal to the pressure of fusion. It necessarily

follows, by addition of the last two equations, that this

pressure is also equal to the pressure of sublimation.

After the fundamental temperature and pressure liave

been found, the external conditions of § 166—

Ml + M.2 + M3 = i\r
)

Miwi + M2i*2 + M3M3 = TJ )

uniquely determine the masses of the three portions of

the substance. The solution, however, can be interpreted

physically only if Mi, Mg, and M3 are positive.

§ 187. Let us determine, e.g., the fundamental state of

water. 0° C. is not its fundamental temperature, for at 0' C.

the maximum vapour pressure of water is 4-62 mm., but the

melting pressure of ice is 760 mm. Now, the latter decreases

with rise of temperature, while the maximum vapour pres-

sure increases. A coincidence of the two is, therefore, to

be expected at a temperature somewhat higher than 0" C.

According to equation (114), the melting point of ice rises

by 0*0074° C. approximately, when the pressure is lowered

from 760 mm. to 4*62 mm. The fundamental temperature
of water is, then, approximately, 0*0074° C. At this

temperature the maximum vapour pressure of water nearly
coincides with the melting pressure of ice, and, therefore,

also with the maximum vapour pressure of ice. The

specific volumes of water in the three states are, therefore,

vi = 205,000 ; v.^
= 1

; V3 = 1*09.

For all temperatures other than the fundamental tem-

perature, the pressure of vaporization, of fusion, and of

sublimation differ from one another.
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§ 188. We return once more to the intrinsic conditions

of equilibrium (101) which hold for each of the three

combinations of two states of aggregation. The pressure

pi, and the specific volumes of the two portions of the

substance, in each case depend only on the temperature,
and are determined by (101). It is necessary, however, to

distinguish whether the saturated vapour is in contact

with the liquid or the solid, since in these two cases the

functions which express the pressure and specific volume

in terms of the temperature are quite different. The state

of the saturated vapour is determined only when there is

given, besides the temperature, the state of aggregation
with which it is in contact, whether it is in contact with the

liquid or solid. The same applies to the other two states of

aggregation. If we henceforth use the suffixes 1, 2, 3, in

this order, to refer to the gaseous, liquid, and solid states,

we shall be obliged to use two of them when we refer to a

portion of the substance in a state of saturation. The first

of these will refer to the state of the portion considered,

the second to that of the portion with which it is in con-

tact. Both the symbols Vxi and ^13 thus denote the specific

volume of the saturated vapour, V12, in contact with the

liquid, and V\^ in contact with the solid. Similarly v^^^, and

V'lx, %i and ^32, represent the specific volumes of the liquid,

and of the solid in a state of saturation. Each of these

six quantities is a definite function of the temperature
alone. The corresponding pressures are

Of vaporization. Of fusion. Of sublimation.

V\z = Vi\ Piz = Pm P31 = Pi3

These are also functions of the temperature alone. Only
at the fundamental temperature do two of these pressures

become equal, and therefore equal to the third. If we

represent the relation between these three pressures and the

temperature by three curves, the temperatures as abscissae

and the pressures as ordinates, these curves will meet in one

point, the fundamental point, also called the triple point.
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The inclination of the curves to the abscissa is given by
the differential coefficients

^JP12 #^ ^i^i

We have, therefore, according to equations (111),

^£12 _ L12

m ~
e{vi

-
V2)'

'dS
~

i){v.2
-

V3)'

#31 __ L31

dd
~

e(V3
-

Vi)'

where v refers to the fundamental state, and, therefore,

requires only one suffix. We can thus find the direction of

each curve at the fundamental point if we know the heat

of vaporization, of fusion, and of sublimation.

Let us compare, for example, the curve of vaporization,

2Ji-2,
of water, with its curve of sublimation, jhs, near the

fundamental point, 0-0074'' C. We have, in absolute units,

L12 = 604 X 419 X 10^ (heat of vaporization of water at

0-0074° C.) ;

L13 = - L31 = (80 + 604) X 419 X 10^ (heat of sublima-

tion of ice at 0-0074° C.) ;

vi = 205000
; V2 = l; vs = 1-09 (§ 187) ;

6 = 273.

Hence

dpi2 _ 604 X 419 X 10^ X 760 _ ^ ooq
de

~
273 X 205000 x 1013650

~
'

dp^ _ 684 X 419 X 10^ X 760 _
dB

~
273 X 205000 x 1013650

~
'

in millimeters of mercury. The curve of the sublimation

pressure ^hzt is steeper at the fundamental point than the

curve of the vaporization pressure ih%- For temperatures
above the fundamental one, therefore, ih^ > 2h2 ;

for those

below it, P12 > 2h3- Their difference is

#13 _ #12 _ ^(i>i3
-

P12) _ f..^^
d:e dti

~
de'~

~ ^^
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If, therefore, the maximum vapour pressure of water be

measured above the fundamental point, and of ice below it,

the curve of pressure will show an abrupt bend at the funda-

mental point. This change of direction is measured by the

discontinuity of the differential coefficient. At — 1° C,
{dQ = —

1), we have, approximately,

P13
- Pn = - 0-045

;

i.e. at — 1° C. the maximum vapour pressure of ice is

0'045 mm. less than that of water. This has been verified

by experiment. The existence of a sharp bend in the curve,

however, can only be inferred from theory.

§ 189. We have hitherto extended our investigation only
to the different admissible solutions of the equations which

express the intrinsic conditions of equilibrium, and have

deduced from them the properties of the states of equilibrium
to which they lead. We shall now consider the relative merit

of these solutions, i.e. which of them represents the state of

greatest stability. For this purpose we resume our original

statement of the problem (§ 165), which is briefly as follows :

Given the total mass M, the total volume V, and the total

energy U, it is required to find the state of most stable equi-

librium, i.e. the state in which the total entropy of the system
is an absolute maximum. Instead of V and U, however, it is

V
often more convenient to introduce v= ^, the mean specific

volume of the system, and u =
^, the mean specific energy

of the system.
We have found that the conditions of equilibrium admit,

in general, of three kinds of solution, according as the

system is split into 1, 2, or 3 states of aggregation. When
we come to consider which of these three solutions deserves

the preference in a given case, we must remember that the

second and third can be interpreted physically only if the

values of the masses, as given by the equations (103) and
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(121), are positive. This restricts the region of validity of

these two solutions. AVe shall first establish this region of

validity, and then prove that within its region the third

solution is always preferable to the other two, and, similarly,

the second is preferable to the first.

A geometrical representation may facilitate, a general

survey of the problem. We shall take the mean specific

V . U
volume, ^ = iTij and the mean specific energy, u = , ,, of the

system as the rectangular co-ordinate axes. The value

of M is here immaterial. Each point of this plane will.
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solution. The values of the masses given by the equations

(121) are

il 1 11

Mi:M2:M3:M= i; ^2^3:

|MW2%!

1 1 li 11 1 11

MW3M1! k<.WiW2

111
Vl V2 V3

Wl W2%
(121a)

where Vi, ^2, v^^ iii, u^, %, refer, as hereafter, to the special
values which these quantities assume in the fundamental

state.

It is obvious from this that the values of Mi, M2, M3 can

be simultaneously positive only when the point (v, u) lies

within the triangle formed by the points (vi, Ui) (v^, u^) and

(vs, Uq). The area of this triangle then represents the

region of validity of the third solution, and may be called

the fundamental triangle of the substance. In Fig. 4 this

triangle is represented by (123). The diagram is based on

a substance for which, as for water,

-^1 > ^3 > V2 and Ui > W2 > Us.

§ 191. We shall now consider the region of validity of

the second solution contained in equations (101) and (103).

These equations furnish three sets of values for the three

possible combinations, and no preference can be given to

any one of these. If we consider first the combination of

liquid and vapour, the equations referred to become, under

our present notation,

(122)

^12 = 021

lh2
=

Ihi

W12 - 1/21 + Pn{vi2
-

^21)
,U - hi =

0^^ J

M12 + M21 = M
)

M12V12 + M21V21 = V = Mv . (123)

M12W12 + M2itt21 = U = Mw J

In order to determine the area within which the point {v, «)

must lie so that M12 and M21 may both be positive, we

shall find the limits of that area, i.e. the curves represented
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by the conditions M12 = 0, and M21 = 0. The introduction

of the latter (no liquid mass) gives M12 = 31 and

y = Via, u = W12. (124)

Since ^12 and W12 are functions of a single variable, the

conditions (124) restrict the point (v, u) to a curve, one of

the limits of the region of validity. The curve passes

through the vertex 1 of the fundamental triangle, because,

at the liindameutal temperature, I'la
=

^i, and 1112
=

Ui. To
follow the path of the curve it is necessary to find the

differential coefficient -j^. We have

du\9 /du\ ,
/du\ dO

dv 12 \d V )i2 \dOJi^v 12

The partial differential coefficients here refer to the

independent variables and v. It follows from (80) and

(24) that

By means of this equation the path of the curve (124)

may be experimentally plotted by taking 6I12, or V12, or some

other appropriate quantity as independent parameter.

Similarly,the condition M12 = (no vapour) gives another

boundary of the region of validity, viz. the curve,

V = t'2i, U = U.2U

which passes through the vertex 2 of the fundamental

triangle, and satisfies the differential equation

dii^ a /dp\ . , . dOi2

^,
=
M.p;2i~^'"+^'^^"^'

since B21 = 0i2 and 2hi
=

lh-2-

The two limiting curves, however, are merely branches

of one curve, since they pass into one another at the critical

point (fia
=

V21) without forming an angle or cusp at that



DIFFERENT STATES OF AGGREGATION. i6i

point, as a further discussion of the values of ,— and
dvi2

du'

dv.
—will show. We may, therefore, include the two branches
21

under the name of the vaiiorization curve. Every point

(^i2j W12) of one branch has a corresponding i)oint {v2\, W21) on

the other, since these two represent the same temperature
012 = 02ij and the same pressure pi^

=
p2i- This co-ordina-

tion of points on the two branches is given by the equations

(122), and has been indicated on our diagram (Fig. 4) by

drawing some dotted lines joining corresponding points.

In this sense the vertices 1 and 2 of the fundamental

triangle are corresponding points, and the critical point is

self-corresponding.
This vaporization curve bounds the region of validity

of that part of the second solution which refers to liquid in

contact with its vapour. Equation (123) makes it obvious

that the region of validity lies within the concave side of

the curve. The curve has not been produced beyond the

vertices 1 and 2 of the fundamental triangle, because we

shall see later, that the side 12 of that triangle bounds the

area within which this solution gives stable equilibrium.

There may be found, quite analogous to the vaporization

curve, also a fusion curve the two branches of which are

represented by

V = V23, U = ^23)

and V = v^,u = W32,

and a sublimation curve represented by

V = V31, U = «3i,

and V = Vi3, u = 1*13.

The former passes through the vertices 2 and 3, the latter

through 3 and 1, of the fundamental triangle. The region
of validity of the three parts of the second solution have been

marked (12), (23), and (31), respectively, in Fig. 4. The

relations which have been specially deduced for the area

(12) apply to (23) and (31) as well, only with a corresponding
M
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interchange of the suflSxes, Some pairs of corresponding

points have again been joined by dotted lines. On the

fusion curve a critical point has been marked, on the

assumption that, with falling temperature, the latent heat of

ice decreases by 0-6-4 calorie per degree Centigrade (§ 183).

If, as a rough approximation, we assume this same ratio to

hold for much lower temperatures, the latent heat of fusion

would be zero at about —120" C, and this would be the

critical point of the fusion curve. The pressure here would

be about 17,000 atmospheres, and water and ice would

become identical. AVe might imagine this to be the result

of a considerable increase in the viscosity of water and in

the plasticity of ice, as they both approach this state.

§ 192. Having thus fixed the region of validity for the

second solution, we find that for all points {y, u) outside this

region only the first solution admits of physical interpretation.

It follows that for such points the first solution re2)resents

the stable equilibrium. The areas where such is the case

have been marked (1), (2), and (3) in our figure, to signify

the gaseous, liquid, and solid states respectively.

§ 193. We have now to consider the following question :

Which of the different states of equilibrium, that may
correspond to given values M, v, u (or to a given point of

the figure), gives to the system the greatest value of the

entropy ? Since each of the three solutions discussed leads

to a definite state of the system, we have for each given

system (M, r, ?<) as many values of the entropy as there are

solutions applying to it. Denoting these by O, $', and 4»", we

get for the first solution

$=:M0 (125)

for the second

$' = 31^' = Mi2^i2 + Mai^ai • • (126)

terchange of the suffixes 1, 2, 3) ;
for tl

a>" = M.^" = Mi.^1 + M2f2 + M3^3 . . (127)

(or a cyclic interchange of the suffixes 1, 2, 3) ;
for the

third
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All these quantities are fully determined by the given
values of M, v, and u. Now, we can show that for any system

(M, y, u) we have <I>" ><!>'> $, or «^" >((>'> (f), provided all

the partial masses are positive. It is more convenient to

deal with the mean specific entropies than with the en-

tropies themselves, because the former, being functions of v

and w alone, are quite independent of M.

As a geometrical representation, we may imagine, on the

plane of our figure (Fig. 4), perpendiculars erected at each

point (y, u), proportional in length to the values of
(p, <p',

and
«/)" respectively, at that point. The upper ends of these

perpendiculars will generate the three surfaces of entropy,

(^, <p',
and 0".

§ 194. We shall show that
(/»'

—
</>

is always positive, i.e.

that the surface of entropy, </>',
lies everywhere above

the surface ^.

While the value of
(^ may be taken directly from (61),

which contains the definition of the entropy for homogeneous
substances, ^' may be found from (126), (122), and (123), in

terms of v and u. The surface ^' forms three sheets corre-

sponding to the three combinations of two states of aggre-

gation. We shall in the following refer to the combination

of vapour and liquid.

With regard to the relative position of the surfaces <^
and

^',
it is obvious that they have one curve in common, the

projection of which is the vaporization curve. At any

point on the vaporization curve we have v = Vi^, u = «i2> and

for the first entropy surface, ^ = ^12 ;
for the second we have,

from (123),

M2i = 0,Mi2 = M (128)

and, from (126),

In fact, for all points of the vaporization curve, both

solutions coincide. The curve of intersection of the

surfaces
«/>
and

<p'
is represented by

V = V12, U = U12, (j)

=
<pl2>
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where v, u, and ^ are the three rectangular co-ordinates of a

point in space, fia, U12, ^12 depend on a single variable

parameter, for example, the temjDerature, 612 = B^i- This

curve passes through the point (vi, Ui, <pi),
which has the

vertex 1 for its projection. A second branch of the same

curve is given by the equations

V = V.21, U =
U.21, (p

=
^21,

and these branches meet in a point whose projection is the

critical point. Each point of one branch has a corresponding

point on the other, since both correspond to the same

temperature, 612 = On, and the same pressure, 2^2 = Ihi-

Thus, (t'l, «i, 0i) and
{v^,, ih, ^2) are corresponding points.

It is further obvious that the surface ^' is a ruled surface

and is developable. The first may be shown by considering

any point with the co-ordinates

_ XVl2 + flVjl _ X^12 + At'Mai , _ A^12 + fJl(p-2l ,'"-
X -f- /.

'
" -

X + fM

' '^- X + ^^

'

where X and
fj.

are arbitrary positive quantities. By giving
A and fx all positive values, we obtaLn all points of the

straight line joining the corresponding points (ri2, Ui2, ^12)

and (v2i> ^*21j 02i)- But this line lies on the surface 0',

since all the above values of {v, u, <p) satisfy the equations

(123) and (126) if we put M12 = A and M21 = fx. The sur-

face
(j)', then, is formed of the lines joining the corresponding

points on the curve in which the surfaces
<p'

and
<p

meet.

One of these is the line joining the points (vi, ui, (pi) and

{v2, u-2, i>i),
the projection of which is the side 12 of the

fundamental triangle. At the critical point, the line shrinks

to a point, and here the surface ^' ends. The other two

sheets of the surface are quite similar. One begins at the

line joining {v2, U2, ^2) and (^3, u^, ^3), the other at the line

joining {v^, u-s, ^3) and {vi, «i, ^1).

The developability of the surface
<p' may best be inferred

from the following equation of a plane :
—

2h2{v
-

Via) -I- (u
-

H12)
-

Oi2i(p
-

^12)
= 0,
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where v, u, <^
are variable co-ordinates, while pi2, Via,

W12, 012, «^i2j depend, by (122), on one parameter, e.g. On.

This plane contains the point (1^12, U12, (^12),
and by the

equations (122) the point (^21, u^i, 021), which are cor-

responding points, and hence also the line joining them.

But it also, by (61), contains the neighbouring corresponding

points

(vi2 + dvi2, W12 + dui2y 012 + ^012)

and

(^21 + ^^21, U21 + Chl2i, 021 + d(fi2i)

hence also the line joining them. Therefore, two consecutive

generating lines are coplanar, which is the condition of

developability of a surface.

In order to determine the value of
<p'
—

0, we shall

find the change which this difference undergoes on passing
from a point (v, u) to a neighbouring one (v + Sv, u + ^u).

During this passage we shall keep M = M12 4- M21 constant.

This does not affect the generality of the result, since
</>

and 0' are functions of v and u only. From (126) we have

Mg0' = M128012 + M2ig02l + 012?Mi2 + 02lgM2i,

and, by (61),

.

^^ =—e
—

But, by (123),

gMi2 + gMsi =
)

Mi28«;i2 + M218V21 + ^i2SMi2 + V21SM21 = Mgv (129)

M128W12 + M21SW21 + W128M12 -}- W21SM21 = Mg« )

Whence, by (122),

g
, ^ du+p,^

(130)
"12

.„d «(*-*)=(;^->+(«^«> ^''''>
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If we now examine the surfaces ^ and 0' in the neigh-
bourhood of their curve of contact, it is evident from the

last equation that they touch one another along the whole

of this curve. For, at any point of the vaporization curve,

we have v = Vi^ and u = Ui2 ;
therefore also

6 = Oio, and 2J
= 2h2 • • • • (132)

and hence, for the entire curve, S(^'
—

0) = 0.

To find the kind of contact between the two surfaces, we
form B\^'

—
(f)

from (131), and apply it to the same points
of tlie curve of contact. In general.

According to (132) we have, at the points of contact of

the surfaces,

02g2(<^'
_

0) = hl{^e- g0i2) + ^^'(%12
- % -

P^0i2 + p^o),

or, by (Gl),

0g2(^'
_

^) = (w -
Bei2)H + i^pi2

-
h')^v . (133)

All these variations may bo expressed in terms of ^d and

Bv, by putting

i^^'pe + f^iv (by 81),

We have now to express ^0i2 in terms of W and Sv.

Equations (129), here simplified by (128), give

Swi2 — Sw _ Svia — ^v

Ul2
—

W2I '^^12
—

'^21
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In these we put

SWi2 = ^^^^12,
SVl2 =

^^^^^12
• (134)

av

11*- Sfl
vat; i;i2

- v^^J
and obtain cWia = , j

criti2 _ -?ti2
- M2I «i^

^(?12 '«^12
-

'^21 f^^l2

If we consider that, by (109),

= "12 7/1
~

i^l2
....

l,A'''->;

V12
-

'2^21 «C>12

that, by (80), dv
=
^de^i'

and that
fZwi2 _ /3w\ /5?(\ fZvi2

V56>A2 \c

also that
^^^^

=
m-^dv-M:

we obtain S0i2 =
dv ddi2

dvKdOi

Equation (133), with all variations expressed in terms of ^6

and Sv, finally becomes

dp C„ \aU12 ^

"
^dvKdeJ

This expression is essentially positive, since c„ is positive
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on account of its physical meaning, and -^ is negative for

any state of equilibrium (§ J.69). There is a limiting case,

when ^^IQ -lv =
(),

for, then, ^\<p'
-

0) = 0.

In this case the variation (SO, Si') obviously takes place

along the curve of contact (O12, t'la)
of the surfaces. Here

we know that
(p'
=

<}).

It follows that the surface
(p',

in the vicinity of all points
of contact with 0, rises above the latter throughout, or that

^'
— is everywhere >0. This proves that the second

solution of the conditions of equilibrium, within its region
of validity, i.e. in the areas (12), (23), and (31), always re-

presents the stable equilibrium.

§ 195. Similarly, it may be shown that the third solution,

within its region of validity, is preferable to the second

one. The quantities r and v being given, the value of the

mean specific entropy, <j)", corresponding to this solution is

uniquely determined by the equations (127) and (121). The

quantities Vi, v.2, '^3, '?'i, ih, ^'3> aiid therefore also ^1, ^2» 03>

have definite numerical values, given by equations (120).

In the first place, it is obvious that the surface 0" is

the plane triangle formed by the points {vi, Wi, «/»i), (v^, 1(2,

^2), and (v^, t*3, ^3), the projection of which on the plane of

the figure is the fundamental triangle, since any point with

the co-ordinates

_ X^i + ju^a + Wa
X + ft + 1'

X + jU + V

X^l 4- fl<l>2 + V<b3^= X + ;« + v
'

(X, /u, V may have any positive values) satisfies the equations

(121) and (127). To show this, we need only put Mj = X,

u
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M2 = /i, M3 = V. This plane meets the three sheets of the

developable surfa(3e ^' in the three lines joining the points

(vi, wi, «^i), (^2, W2j ^2), (%, %», ^3). In fact, by making
V = 0, i.e., by (121), M3 = 0, the third solution coincides

with the second
; for, then,

Ml = M12 ; M2 = M21 ; Vi = V12 ; Ui = W12

v-2
= ^21 ; 01 = 012 ;

etc. '} (l^-^^)

If we also put fi
= 0, then we have M2 = 0, Vi = v,

ui = u, which means the coincidence of all three surfaces,

<})", (f>',
and

(p.

In order to find the sign of
rp"

—
f', we again find

S(^"
—

(f)')
in terms of 8m and Sv. Equation (127) gives

Mg(^" = .^iMi + 02SM2 + .^3gM3. . (138)

where, by (121),

nil + 8M2 + 8M3 =

W18M1 + W2gM2 + WggMa = M8w

Multiplying the last of these by v^,
the second by 4^, and

adding to (138), we obtain, with the help of (120),

80 =—01
This, in combination with (130), gives

if the surface 0' is represented by the sheet (12). This

equation shows that the surface 0" is a tangent to the

sheet (12) along the line joining (vi, Ui, ^i) and
(v^, u^, 02)>

for all points of this line have 0i = 0i2, pi — pvi, so that

8(0"
—

</)')
vanishes. Thus, we find that the plane 0" is a

tangent plane to the three sheets of the surface
0'. The

curves of contact are the three straight lines which form
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the sides of the plane triangle ^". We have, from (139),
for any point of contact

since 61 and pi are absolute constants ; or

6li2g^(^"
-

rj.')
=

[hi
-

(e,f^^
-

2H)^v]m,,. (140)

Now, by the elimination of 8M12 and SM21, it follows, from

(129), that

'^12
—

'^^21 W12
—

W2I

or, by (135) and (134),

Substituting this expression in (140), and replacing ,7t^

and -j7p^ by their values (136), we obtain
au.2\

+
M.((.).-«<|)^.(f-))].

This quantity is essentially positive, since M12, Mgi, as well

as Co, are always positive, and
^~ always negative for states

of equilibrium. There is a limiting case, when §^12 = 0,

i.e. for a variation along the line of contact of the surfaces

^" and ^', as is obvious. It follows that the plane area 0"
rises everywhere above the surface

<^',
and that ^"

—
0' is

never negative. This proves that the third solution within
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its region of validity (the fundamental triangle of the sub-

stance) represents stable equilibrium.

§ 196. We are now in a position to answer generally the

question proposed in § 165 regarding the stability of the

equilibrium.

The total mass M, the volume V, and the energy U of

a system being given, its corresponding state of stabla

equilibrium is determined by the position of the point
V U

y =
jfj,

w = srv, m the plane of Fig. 4.

If this point lie within one of the regions (1), (2), or (3),
the system behaves as a homogeneous gas, liquid, or solid.

If it lie within (12), (23), or (31), the system splits into two

different states of aggregation, indicated by the numbers
used in the notation of the region. In this case, the common

temperature and the ratio of the two heterogeneous por-
tions are completely determined. According to the equation

(123), the point {v, u) lies on the straight line joining two

corresponding points of the limiting curve. If a straight

line be drawn through the given point {y, u), cutting the

two branches of that curve in corresponding points, these

points give the properties of the two states of aggregation
into which the system splits. They have, of course, the

same temperature and pressure. The proportion of the

two masses, according to the equation (123), is given by
the ratio in which the point {v, u) divides the line joining
the corresponding points.

If, finally, the point (v, u) lie within the region of the

fundamental triangle (123), stable equilibrium is charac-

terized by a division of the system into a solid, a liquid,

and a gaseous portion at the fundamental temperature and

pressure. The masses of these three portions may then be

determined by the equations (121a). It will be seen that

their ratio is that of the three triangles, which the point

(y, u) makes with the three sides of the fundamental

triangle.

The conditions of stable equilibrium of any substance
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can thus be found, provided its fundamental triangle, its

vaporization, fusion, and sublimation curves have been

drawn once for all. To obtain a better view of the different

relations, isothermal and isopiestic curves may be added to

the figure. These curves coincide in the regions (12), (23),

(31), and form the straight lines joining corresponding

points on the limiting curves. On the other hand, the area

(123) represents one singular isothermal and isopiestic (the

triple point). In this way we may find that ice cannot

exist in stable equilibrium at a higher temperature than the

fundamental temperature (0-0074° C), no matter how the

pressure may be reduced. Liquid water, on the other hand,

may, under suitable pressure, be brought to any temperature
without freezing or evaporating.

A question which may also be answered directly is the

following. Through what stages will a body pass if subjected
to a series of definite external changes ? For instance,

the behaviour of a l)ody of mass M, when cooled or heated

at constant volume V, may be known by observing the line

V
*' ~ M' P^^^ll^l *o ^^ ^^is of ordinates. The regions which

this line traverses show the states through which the body

passes, e.g. whether the substance melts during the process,

or whether it sublimes, etc.



CHAPTER III.

SYSTEM OF ANY NUMBER OF INDEPENDENT
CONSTITUENTS.

§ 197. We proceed to investigate quite generally the equili-

brium of a system made up of distinct portions in contact

with one another. The system, contrary to that treated of in

the preceding chapter, may consist of any number of inde-

pendent constituents. Following Gibbs, we shall call each

one of these portions, inasmuch as it may be considered

physically homogeneous (§ 67), a phase. Thus, a quantity
of water partly gaseous, partly liquid, and partly solid,

forms a system of three phases. The number of phases as

well as the states of aggregation is quite arbitrary, although
we at once recognize the fact that a system in equilibrium

may consist of any number of solid and liquid phases, but

only one single gaseous phase, for two different gases in

contact are never in equilibrium with one another.

§ 198. A system is characterized by the number of its

independent constituents* in addition to the number of its

phases. The main properties of the state of equilibrium

depend upon these. We define the number of independent
constituents as follows. First find the number of elements

contained in the system, and from these discard, as depen-
dent constituents, all those whose quantity is determined in

each phase by the remaining ones. The number of the

remaining elements will be the number of independent
constituents of the system. It is immaterial which of the

*
Frequently termed components.
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constituents we regard as independent and which as depen-

dent, since we are here concerned with the number, and not

with the kind, of the independent constituents. The ques-
tion as to the number of the independent constituents has

nothing at all to do with the chemical constitution of the

substances in the different phases, in particular, with the

number of diiFerent kinds of molecules.

Thus, a quantity of water in any number of states forms

but one independent constituent, however many associations

and dissociations of H2O molecules may occur (it may be

a mixture of hydrogen and oxygen or ions), for the mass of

the oxygen in each phase is completely determined by that

of the hydrogen, and vice versa. Should, however, an excess

of oxygen or hydrogen be present in the vapour, we have

then two independent constituents.

An aqueous solution of sulj)huric acid forms a system of

three chemical elements, S, H, and 0, but contains only two

independent constituents, for, in each phase {e.g. liquid,

vapour, solid) the mass of depends on that of S and H,
while the masses of S and H are not in each phase inter-

dependent. Whether the molecule H2S0i dissociates in

any way, or whether hydrates are formed or not, does not

change the number of independent constituents of the

system.

§ 199. We denote the number ofindependent constituents

of a system by a. By our definition of this number we see,

at once, that each phase of a given system in equilibrium is

determined by the masses of each one of its a constituents,

the temperature 6, and the pressure p. For the sake of

uniformity, we assume that each of the a independent con-

stituents actually occurs in each phase of the system in a

certain quantity, which, in special cases, may become

infinitely small. The selection of the temperature and the

pressure as independent variables, produces a change in the

form of the equations of the last chapter, where the tem-

perature and the specific volume were considered as the

independent variables. The substitution of the pressure
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for the volume is more convenient here, because the pressure
is the same for all phases in free contact, and it can in most
cases be more readily measured.

§ 200. We shall now consider the thermodynamical
equilibrium of a system, in which the total masses of the

a independent constituents Mi, M2, . . . M„ are given. Of
the different forms of the condition of equilibrium it is best

to use that expressed by equation (79)

S^ =
(141)

which holds, if and f remain constant, for any change

compatible with the given conditions. The function 4^ is

given in terms of the entropy <l>, the energy U, and the

volume V, by the equation

4^ =0 ^—
§ 201. Now, let /3 be the number of phases in the system,

then <I>, U, and V, and therefore also ^, are sums of /3

terms, each of which refers to a single phase, i.e. to a

physically homogeneous body :

4^ = vp' + ^" + . . . + 4^^ . . . (142)

where the different phases are distinguished from one another

by dashes. For the first phase,

^' = <I>'- ^'^^^'
. . . . (143)

<!»', U', V and ^' are completely determined by 0, 'p,
and

the masses Mi, M2, • • • M^ of the independent constituents

in the phases. As to how they depend on the masses, all

we can at present say is, that, if all the masses were increased

in the same proportion (say doubled), each of these functions

would be increased in the same proportion. Since the

nature of the phase remains unchanged, the entropy, the

energy, and the volume change in the same proportion as



176 THERMODYNAMICS.

the mass
; hence, also, the function ^'. In other words, ^'

is a homogeneous function of the masses Mi', M2', . . . MJ
of the first degree, but not necessarily linear.

To express this analytically, let us increase all the masses

in the same ratio 1 + £ : 1, where t is very small. All

changes are then small
;
and for the corresponding change

of ^' we obtain

But, by supposition, A^' = t^',

and, therefore,

*' =
sl''^

+
al'M^'

+ • • • +
ah''-'-

("-'>

Various forms may be given to this Eiilerian equation

by further differentiation. The differential coefficients ^^rr„
d^' . .

"^^^

^^r|-7
. . . evidently depend on the constitution of the phase,

and not on its total mass, since a change of mass changes
both numerator and denominator in the same proportion.

§ 202. By (142), the condition of equilibrium becomes

g^' + g^" + . . . 8^^ =
. . . (145)

or, since the temperature and pressure remain constant,

^,SM,'
+ ^,m,' +...+ ^,m;

4-

+
m^^^^'

+
l£«^i^

+ • • • + 5sVM.^=o ("«)
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If the variation of the masses were quite arbitrary, then the

equation could only be satisfied, if all the coefficients of the

variations were equal to 0. According to § 200, however,

the following conditions exist between them.

Ml = M/ + Ml" +
M2 = Ma' + M2" +

+ Mi^

+ M/
(147)

M„ = m; + M„" + . . . + M/ I

and, therefore, for any possible change of the system,

+ 8M/
+ SM/

= UU + SMi" +
= UU + SM2" +

= 8M„' + m:' + . . . + 8M/

(148)

For the expression (146) to vanish, the necessary and suffi-

cient condition is

(149)

5M7
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given constituent with two others, these two other phases
are in equilibrium with one another with regard to that

constituent (they coexist). This shows that, since any

system in equilibrium can have only one gaseous phase, two

coexisting phases must emit the same vapour. For, since

each phase is in equilibrium with the other, and also with

its own vapour with respect to all constituents, it must also

coexist with the vapour of the second phase. The coexist-

ence of solid and liquid phases may, therefore, be settled

by comparing their vapours.

§ 203. It is now easy to see how the state of equi-
librium of the system is determined, in general, by the given
external conditions (147), and the conditions of equilibrium

(149). There are a of the former and a(/3
—

1) of the latter,

a total of a/3 equations. On the other hand, the state of

the /3 phases depends on («/3 + 2) variables, viz. on the a/3

masses, M/, . . . 31/, the temperature 0, and the pressure |>.

After all conditions have been satisfied, two variables still

remain undetermined. In general, the temperature and the

pressure may be arbitrarily chosen, but in special cases, as

will be shown presently, these are no longer arbitrary, and

in such cases two other variables, as the total energy and

the total volume of the system, are undetermined. By
disposing of the values of the arbitrary variables we com-

pletely determine the state of the equilibrium.

§ 204. The a/3 + 2 variables, which control the state of

the system, may be separated into those which merely

govern the composition of the phases {internal variables),

and those which determine only the total masses of the

phases (external variables). The number of the former is

(a
—

l)/3 + 2, for in each of the /3 phases there are a — 1

ratios between its a independent constituents, to which must

be added temperature and pressure. The number of the

external variables is /3,
viz. the total masses of all the

phases.
We found that the a(/3

-
1) equations (149) contain
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only internal variables, and, therefore, after these have been

satisfied, there remain

[(a
-

l)^ + 2]
-

[a(/3
-

1)]
= „ -

/-3 + 2

of the internal variables, undetermined. This number
cannot be negative, for otherwise the number of the

internal variables of the system would not be sufficient for

the solution of the equations (149). It, therefore, follows

that

/3<a + 2

The number of the phases, therefore, cannot exceed the

number of the independent constituents by more than two
;

or, a system of a independent constituents will contain at

most (a + 2) phases. In the limiting case, where j3
= a + 2,

the number of the internal variables are just sufficient to

satisfy the internal conditions of equilibrium (149). Their

values in the state of equilibrium are completely deter-

mined quite independently of the given external conditions.

Decreasing the number of phases by one increases the

number of the indeterminate internal variables by one.

This proposition, first propounded by Gibbs and univer-

sally known as the i^hase rule, has been amply verified,

especially by the experiments of Bakhuis Roozeboom.

§ 205. We shall consider, first, the limiting case :

i3
= a + 2.

(Non-variant systems.) Since all the internal variables are

completely determined, they form an [n -f- 2)-i)le foint.

Change of the external conditions, as heating, compression,
further additions of the substances, alter the total masses of

the phases, but hot their internal nature, including tempera-
ture and pressure. This holds until the mass of some one

phase becomes zero, and therewith completely vanishes from

the system.
If a = 1, then

j3
= 3. A single constituent may split
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into three phases at most, forming a triple point. An

example of this is a substance existing in the three states

of aggregation, all in contact with one another. For water

it was shown in § 187, that at the triple point the tempera-
ture is 0-0074° C, and the pressure 4-62 mm. of mercury.
The three phases need not, however, be different states of

aggregation. Sulphur, for instance, forms several modifica-

tions in the solid state. Each modification constitutes a

separate phase, and the proposition holds that two modifica-

tions of a substance can coexist with a third phase of the

same substance, for example, its vapour, only at a definite

temperature and pressure.
A quadruple point is obtained when a = 2. Thus, the

two independent constituents, SO2 (sulphur dioxide) and

H2O, form the four coexisting phases : S02,7H20 (solid), SO2
dissolved in H2O (liquid), SO2 (liquid), SO2 (gaseous), at a

temperature of 12"1° C. and a pressure of 1770 mm. of mer-

cury. The question as to the formation of hydrates by SO2
in aqueous solution does not influence the application of the

phase rule (see § 198).

Three independent constituents (a
=

3) lead to a quin-

tiple point. Thus Na2S04, MgS04, and H2O give the double

salt Na2Mg(S04)24H20 (astrakanite), the crystals of the

two simple salts, aqueous solution, and water vapour, at a

temperature of 22° C. and a pressure of 19*6 mm. of mercury.

§ 206. We shall now take the case

/3
= a + 1,

that is, a independent constituents form a + 1 phases

(Univariant systems). The composition of all the phases is

then completely determined by a single variable, e.g. the

temperature or the pressure. This case is generally called

'perfect heterogeneous equilibrium.
If a = 1, then /3

= 2 : one independent constituent in

two phases, e.g. a liquid and its vapour. The pressure and

the density of the liquid and the vapour depend on the

temperature alone, as was pointed out in the last chapter.
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Evaporation involving chemical decomposition also belongs
to this class, since the system contains only one independent
constituent. The evaporation of solid NH4CI. is a case in

point. Unless there be present an excess of hydrochloric
acid or ammonia gas, there will be for each temperature a

quite definite dissociation pressure.
If a = 2, then /3

= 3, for instance when the solution of a

salt is in contact with its vapour and with the solid salt, or

when two liquids that cannot be mixed in all proportions

(ether and water) are in contact with their common vapour.

Vapour pressure, density and concentration in each phase,
are here functions of the temperature alone.

§ 207. We often take the pressure instead of the tem-

perature as the variable which controls the phases in

perfect heterogeneous equilibrium ; namely, in systems
which do not possess a gaseous phase, so-called condensed

systems. Upon these the influence of the pressure is so

slight that, under ordinary circumstances, it may be con-

sidered as given, and equal to that of the atmosphere. The

phase rule, therefore, gives rise to the following proposition :

A condensed system of a independent constituents forms a + 1

phases at most, and is then completely determined, temperature
included. The melting point of a substance, and the point

of transition from one allotropic modification to another, are

examples of a = 1, /3
= 2, The point at which the cryohy-

drate (ice and solid salt) separates out from the solution of

a salt, and also the point at which two liquid layers in

contact begin to precipitate a solid {e.g.
As Bra, ^^^ H2O)

are examples of a = 2, /3
= 3. We have an example of

a = 3, /3
= 4 when two salts, capable of forming a double

salt, are in contact with the solid simple salts, and also with

the double salt.

§ 208. If

^ = a,

then a independent constituents form a phases (Divariant

systems). The internal nature of all the phases depends
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on two variables, e.g. on temperature and pressure. Any
homogeneous substance furnishes an example of a = 1. A
liquid solution of a salt in contact with its vapour is an

example of a = 2. The temperature and the pressure deter-

mine the concentration in the vapour as well as in the liquid.

The concentration of the liquid and either the temperature
or the pressure are frequently chosen as the independent
variables. In the first case, we say that a solution of given
concentration and given temperature emits a vapour of

definite composition and definite pressure ;
and in the second

case, that a solution of given concentration and given pressure
has a definite boiling point, and at this temperature a vapour
of definite composition may be distilled off.

Corresponding regularities hold when the second phase
is solid or liquid, as in the case of two liquids which do not

mix in all jiroportions. The internal nature of the two

phases, in our example the concentrations in the two layers
of the liquids, depends on two variables—pressure and

temperature. If, under special circumstances, the con-

centrations become equal, a phenomenon is obtained which

is quite analogous to that of the critical point of a homo-

geneous substance (critical solution temperature of two

liquids).

§ 209. Let us now consider briefly the case

/3
= « - 1,

where the number of phases is one less than the number of

the independent constituents, and the internal nature of

all phases dejiends on a third arbitrary variable, besides

temperature and pressure. Thus, a = 3, /3
= 2 for an aqueous

solution of two isomorphous substances (potassium chlorate

and thallium chlorate) in contact with a mixed crystal. The

concentration of the solution under atmospheric pressure
and at a given temperature will vary according to the com-

position of the mixed crystal. We cannot, therefore, speak
of a saturated solution of the two substances of definite

composition. However, should a second solid phase—for
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instance, a mixed crystal of diiFerent composition
—

separate

out, the internal nature of the system will be determined

by temperature and pressure alone. The experimental

investigation of the equilibrium of such systems may enable

us to decide whether a precipitate from a solution of two
salts forms one phase

—for example, a mixed crystal of

changing concentration—or whether the two substances are

to be considered as two distinct phases in contact. If, at

a given temperature and pressure, the concentration of the

liquid in contact were quite definite, it would represent the

former case, and, if not, the latter.

§ 210. If the expressions for the functions ^F', ^", . . .

for each phase were known, the equations (149) would give

every detail regarding the state of the equilibrium. This,

however, is by no means the case, for, regarding the relations

between these functions and the masses of the constituents

in the individual phases, all we can, in general, assert is that

they are homogeneous functions of the first degree (§ 201).

We can, however, tell how they depend upon temperature
and pressure, since their differential coefficients with respect

to ^ and j; can be given. This point leads to far-reaching

conclusions concerning the variation of the equilibrium with

temperature and pressure.

Since, for the first phase, according to (143),

4/' = 4)' _
U' + ijV

61

we have, for an infinitely small change,

u u

Under the assumption that the change is produced only by
variations of

2^ and 6, and not by that of the masses Mi',

M2', . . . M„', equation (60) gives

, ,
cW + pdY'

cH) = ^ »
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and, therefore,

whence

by' _ U' + yS
'

^ ^' _ _ y
bQ

~
(T'

'

dp
~

6'

and for the system, as the sum of all the phases,

5^=—g/-, and^
=
-^. . (150)

§ 211. These relations may be used to determine how
the equilibrium depends on the temperature and pressure.

For this purpose we shall distinguish between two different

kinds of infinitely small changes. The notation S will

refer, as hitherto, to a change of the masses Mi', Mg', . . . Mf >

consistent with the given external conditions, and, therefore,

consistent with the equations (148), temperature and pressure

being kept constant, i.e. cO = and ^p = 0. The state, to

which this variation leads, need not be one of equilibrium,
and the equations (149) need not, therefore, apply to it. The
notation d, on the other hand, will refer to a change from

one state of equilibrium to another, only slightly different

from it. All external conditions, including temperature and

pressure, may be changed in any arbitrary manner.

The problem is now to find the conditions of equilibrium
of this second state, and to compare them with those of the

original state. Since the condition of equilibrium of the

first state is

the condition for the second state is

8(^ + fZ^)
= 0,

hence 8<Z^ = (151)
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But

''* => +
3i/i'

+
Xau/^^i^

+
Ir/M. +

• . .

where ^ denotes the summation over all the
/3 phases of

the system, while the summation over the a constituents of

a single phase is written out at length. This becomes, by

(150),

The condition of equilibrium (151) therefore becomes

^^ dS -
-^dp

4- 2^Mi 8^^

+ fZMa'g— + . . . = (152)

All variations of dQ, dp, tZM/, dM.^, . . . disappear because

80 = and Sjj
= 0, and because in the sum

+

+ m^''^' + &''^ + • • •

each vertical column vanishes. Taking the first column for

example, we have, by (149),
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and also, by (148),

gcZATi' + gc?31i" + . . . + U^U^
= d{llsU + g^Ii" + . . . + SMiP) = 0.

Furthermore, since, by the first law, 8U + jp^V represents

Q, the heat absorbed by the system during the virtual

change, the equation (152) may also be written

fdS
-
^dp +

S^ZMi'^J^,
+

d:Sl,^^,
+ . . . = 0. (153)

This equation shows how the equilibrium depends on the

temperature, and the pressure, and on the masses of the

independent constituents of the system. It shows, in

tlie first place, that the influence of the temperature

depends essentially on the heat effect which accompanies
a virtual change of state. If this be zero, the first term

vanishes, and a change of temperature does not disturb

the equilibrium. If Q change sign, the influence of the

temperature is also reversed. It is quite similar with regard
to the influence of the pressure, which, in its turn, depends

essentially on the change of volume, 8V, produced by a

virtual isothermal and isopiestic change of state.

§ 212. We shall now apply the equation (153) to several

special cases
; first, to those of perfect heterogeneous equili-

brium, which are characterized (§ 206) by the relation

/3
= « + 1.

The internal nature of all the phases, including the pressure,

is determined by the temperature alone. An isothermal,

infinitely slow compression, therefore, changes only the total

masses of the phases, but does not change either the com-

position or the pressure. We shall choose a change of this

kind as the virtual change of state. In this special case it

leads to a new state of equilibrium. The internal nature of

all the phases, as well as the temperature and pressure.
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remain constant, and therefore the variations of the functions

^IvT" Mf~"
' ^"^^ ^ equal to zero, since these quantities

depend only on the nature of the phases. The equation (153)
therefore becomes

#_ Q_ n54^m ~
08V ^^^

This means that the heat eifect in a variation that leaves

the composition of all phases unchanged, divided by the

change of volume of the system and by the absolute tempe-

rature, gives the rate of change of the equilibrium pressure
with the temperature. Where application of heat increases

the volume, as in the case of evaporation, the equilibrium

pressure increases with temperature ;
in the opposite case,

as in the melting of ice, it decreases with increase of

temperature.

§ 213. In the case of one independent constituent (a
= 1,

and
/3
=

2), equation (154) leads immediately to the laws

discussed at length in the preceding chapter ; namely, those

concerning the heat of vaporization, of fusion, and of subli-

mation. If, for instance, the liquid form the first phase, the

vapour the second phase, and L denote the heat of vaporiza-
tion per unit mass, we have

Q = LgM"

8V =
(v"

- v)m!'

where v and v" are the specific volumes of liquid and vapour,
and 8M" the mass of vapour formed during the isothermal

and isopiestic change of state. Hence, by (154),

L = e|K
-

.).

which is identical with the equation (HI).

This, of course, applies to chemical changes as well,
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whenever the system under consideration contains one con-

stituent in two distinct phases ;
for example, to the vapori-

zation of ammonium chloride (first investigated with regard
to this law by Horstmann), which decomposes into hydro-
chloric acid and ammonia

;
or to the vaporization of

ammonium carbamate, which decomposes into ammonia and
carbon dioxide. Here L of our last equation denotes the

heat of dissociation, and
~p the dissociation pressure, which

depends only on the temperature.

§ 214. We shall also consider the perfect heterogeneous

equilibrium of two independent constituents (a = 2, /3
= 3) ;

for example, water (suffix 1) and a salt (suffix 2) in three

phases ;
the first, an aqueous solution (M/ the mass of the

water, 31 2' that of the salt) ;
the second, water vapour

(mass 3Ii") ;
the third, solid salt (mass M2'"). For a virtual

change, therefore,

8M1' + SMi" = 0, and ?M2' + SM2'" = 0.

According to the phase rule, the concentration of the

solution
( jTi^,

= c V as well as the vapour pressure ( j:>),
is a

function of the temperature alone. By (154), the heat

absorbed (0, ^, c remaining constant) is

Q = «-^.cV (155)

Let the virtual change consist in the evaporation of a

small quantity of water,

SMi" = - gMi'.

Then, since the concentration also remains constant, the

quantity of salt

8M2'" = - SM2' = - c8Mi' = cSMi"

is precipitated from the solution. All variations of mass

have here been expressed in terms of SMi".
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The total volume of the system

V =
^'(Mi' + Ma') + v"Mi" + v'''^.^",

where v', v", and v"' are the specific volumes of the phases,
is increased by

gv = v\uu + 8M2') + v"uu' + v"'m^"

gV =
[{v" + cv'")

-
(1 + cy]8Mi". . . (156)

If L be the quantity of heat that must be applied to

evaporate unit mass of water from the solution, and to pre-

cipitate the corresponding quantity of salt, under constant

pressure, temperature, and concentration, then the equation

(155), since

Q = LSMi",

becomes L =
^jkv" + c/v" — (1 + c)v').

A useful approximation is obtained by neglecting v' and

v"', the specific volumes of the liquid and solid, in com-

parison with v", that of the vapour, and considering the

latter as a perfect gas. By (14),

v" = -.^-

(R = gas constant, m = the molecular weight of the vapour)
and we obtain

L = 5r^ ^^ (157)

§ 215. Conversely, L is at the same time the quantity of

heat given out when unit mass of water vapour combines, at

constant temperature and pressure, with the quantity of salt

necessary to form a saturated solution. This process may
be accomplished directly, or in two steps, viz. by condensing
unit mass of water vapour into pure water, and then dis-

solving the salt in the water. According to the first law of

thermodynamics, since the initial and final states are the
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same in both cases, the sum of the heat given out and the

work done is the same.

In the first case the heat given out is L, the work done,

—
i^wjiFT/ ;

8,nd the sum of these, by the approximation used

above, is

y-'^-v^" (158)

To calculate the same sum for the second case, we must
in the first place note that the vapour pressure of a solution

is different from the vapour pressure of pure water at the

same temperature. It will, in fact, in no case be greater,

but smaller, otherwise the vapour would be supersaturated.

Denoting the vapour pressure of pure water at the tempera-
ture Q by j}^,

then
^j
<

jJq.

We shall now bring, by isothermic compression, unit

mass of water vapour from pressure f and specific volume v"

to pressure j^o and specific volume W'j «.e- to a state of satu-

ration. Work is thereby done on the substance, and heat

is given out. The sum of both, which gives the decrease of

the energy of the vapour, is zero, if we again assume that

the vapour behaves as a perfect gas, i.e. that its energy
remains constant at constant temperature. If we then

condense the water vapour of volume v^, at constant tempe-
rature 61 and constant pressure jJo>

into pure water, the sum
of the heat given out and work spent at this step is, by

equation (112),

?fl..ii^£»_y„V.
. . . (159)

No appreciable external effects accompany the further

change of the liquid water from pressure j;o to pressure jj.

If, finally, we dissolve salt sufficient for saturation in the

newly formed unit of water, at constant temperature and

constant pressure j:),
the sum of the heat and work is simply

the heat of solution

(160)
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By the first law, the sum of (159) and (160) must be equal
to (158),

Rno .
A log Vq „ E„„ d log «

w dO -^ ' m do ^

or, since, by Boyle's law 2W0" = pv",

-r. d loo:
—

x = Rfl^. _!£».• • • (161)
m du

This formula, first established by Kirchhoif, gives the heat

evolved when salt sufficient for saturation is dissolved in

1 gr. of pure water.

To express X in calories, R must be divided by the
r»

mechanical equivalent of heat, J. By (34), ^
= 1*97, and

since w = 18, we have

d log
~

X = 0-1102 . _Po cal.

dO

It is further worthy of notice that p, the vapour pressure
of a saturated solution, is a function of the temperature

alone, since c, the concentration of a saturated solution,

changes in a definite manner with the temperature.
The quantities neglected in this approximation may, if

necessary, be put in without any difficulty.

§216. We proceed now to the important case of two

independent constituents in two phases (a
= 2, /3

=
2).

We assume, for the present, that both constituents are con-

tained in both phases in appreciable quantity, having the

masses M/, M2' in the first
; Mi", M"2, in the second phase.

The internal variables are the temperature, the pressure,
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and the concentrations of the second constituent in both

phases ;

, M2' , „ M2"
c = ;^, and c =

31/ Ml"*
• • (162)

According to the phase rule, two of the variables, 0, p, c', c",

are arbitrary.

Equation (153) leads to the following law regarding the

shift of the equilibrium corresponding to any change of the

external conditions :

Q gv ,>54'' ,^^^' „.^"
^-m

-
^dj)

+
rDii'g^^

+ ^Ma'g^^ + ^^ir^'^^j
,f

+ dM^"B~, = 0. (163)

Here, for the first phase.

^aMs^
-

^Mi'aMa'^^^'
"^

5M2^^^^2

(164)

Certain simple relations hold between the derived functions

of ^' with respect to M/ and M.2'. For, since, by (144),

,d^' ,d^''

partial differentiation with respect to M/ and M2' gives

If we put, for shortness.

(165)
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a quantity depending only on the nature of the first phase,
on B,p, and c', and not on the masses MV and Mg' individually,*
we have

"M2'

(166)

Analogous equations hold for the second phase if we put

<p"
= Mx"

5Mi"5M2"

§ 217. With respect to the quantities f' and f" all we
can immediately settle is their sign. According to § 147, ^
is a maximum in stable equilibrium if only processes at

constant temperature and constant pressure be considered.

Hence

But

whence

S2^<0 (167)

and

(9V d^' d^^'

5Mi'5M;'^^^^'^^^^'
"^

5M2'2
8M,'2

aixlr'f fflyu" d^ylr"

» The general integral of ^F' = Mi'^, +^2& ^^ *'=
^f2'/(^)—

Tk-
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If we introdace the quantities f' and <p",
then

This relation shows that the inequality (167) is satisfied,

and only then, if both ^' and (p" are positive.

[ § 218. There are on the whole two kinds of changes

possible, according as the first or the second constituent

passes from the first to the second phase. We have, for the

first,

SMi' = - gMi" ; SMa' = SMa" = ;
. . (168)

and for the second,

8Mi' = gMi",= 0; gMa' = - gMa".

We shall distinguish Q, the heat absorbed, and SV,

the change of Tolume, in these two cases by the sufiixes 1

and 2. In the first case, the law for the displacement of the

equilibrium, by (163), (164), (168), (166), and (162), reduces

to

^m - ^dp -
gMi"(fW -

^"dc") =

and, introducing for shortness the finite quantities

i.e. the ratios of the heat absorbed and of the change of

volume to the mass of the first constituent, which passes

from the first to the second phase, we have

^dO
-

|V^J
-

f'dc' + fdc" = 0. . (170)
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Similarly, for the second constituent passing into the

second phase, we get

^rf#
_ iv^ + ,.|'

_
y"*:' = 0. . (171)

These are the two relations connecting the four differen-

tials ^0, d'p, do', do' in any displacement of the equilibrium.

§ 219. To show the application of these laws, let us

consider a mixture of two liquids (water and alcohol) in

two phases, the first a liquid, the second a vapour. The

phase rule leaves two of the variables B, p, c', c" arbitrary.

The pressure p, and the concentration e" of the vapour, for

instance, are determined by the temperature and the con-

centration c' of the liquid mixture. Accordingly, for any

changes dd and dc' we have, from (170) and (171),

(^^,

-
i)e'^'dc' + (Li + c"U)de

^^ = "^

(Si + c\)(i
'

(1 + ly,, _ fh _
h) . ^J

„ Vsi cs^r \si §2/ B^
dc" =

ti
+ T^y

Of the many conclusions to be drawn from these equations,
we mention only the following :

Along an isotherm {dB = 0) the equations become

(^'
-

l)B(p'dG'

do" = ^?i :^ .

^-r,do' . . . (173)

i+Ji ^

Si C"S2

The vapour pressure p may rise or fall with increasing
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concentration. When i) shows a maximum or minimum

value, as it does according to Konowalow for a 77 : 23 mixture

of propyl alcohol and water, then ^, vanishes, and, from

equation (172), c = c", i.e. the percentage composition of

the liquid and the vapour is the same, or the liquid boils

at constant concentration. But if, along an isotherm, j;

varies with c', the concentration of the vapour will differ

from that of the liquid ;
in fact, the concentration of the

second constituent in the vapour will be more or less than

in the liquid (c"> or <c'), according as the vapour pressure

2)
rises or falls with increasing concentration. This is an

immediate deduction from equation (172) if we bear in

mind that p', Si, §2, and c" are always positive.

The equation (173) shows that along an isotherm the

concentration of both phases always changes in the same

sense.

§ 220, In the following applications we shall restrict

ourselves to the case in which the second constituent occurs

only in the first phase,

c" = 0,

and .:dc" = (174)

The first constituent which occurs along with the second

in the first phase, and pure in the second, will be called

the solvent
;
the second, the dissolved suhstance. By (174),

the equation (171) is identically satisfied, and from (170)
there remains

j^/LQ
—

-^dj)
—

fdc = 0, , , . (175)

if we omit suffixes and dashes for simplicity.

We shall take, first, a solution of a nonvolatile salt in

contact with the vapour of the solvent, and investigate the

equation (175) in three directions by keeping in turn tlie

concentration c, the temperature B, and the pressure p
constant.
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§ 221. Concentration Constant: de = 0.—The relation

between the vapour pressure and the temperature is, by

(175),

(!)=«-. ("«)

Here L may be called briefly the heat of vaporization
of the solution. If, instead of regarding L as the ratio of

two infinitely small quantities, we take it to be the heat of

vaporization per unit mass of the solvent, then the mass

of the solvent must be assumed so large that the concen-

tration is not appreciably altered by the evaporation of

unit mass. The quantity s may generally be put = v, the

specific volume of the vapour. Assuming, further, that the

laws of Boyle and Gay Lussac hold for the vapour, we get

s = V = (177)m p
^ ^

and. by (170), I. 4>f-^0,
On the other hand, L is also the quantity of heat given
out when unit mass of the vapour of the solvent combines

at constant temperature and pressure with a large quantity
of a solution of concentration e. This process may be per-

formed directly, or unit mass of the vapour may be first

condensed to the pure solvent and then the solution diluted

with it.

In the first case the sum of the heat given out and the

work spent is

^-^^-A-ri-^^-
In the second case, by the method used in § 215 we

obtain, as the sum of the heat given out and the work spent

during condensation and dilution,

R^2^ log 2h ,
.

m elf)
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where
'p^

is the pressure, v^ the specific volume of the vapour
of the solvent in contact with the pure liquid solvent, A the

heat of dilution of the solution, i.e. the heat given out on

adding unit mass of the solvent to a large quantity of the

solution of concentration c. Both the above expressions

being equal according to the first law, we obtain, on applying

Boyle's law,

^ = M-^7' • • • • (1^^)m \ dd /c

which is Kirchhoffs formula for the heat of dilution.

The quantities here neglected, by considering the vapour
a perfect gas, and its specific volume large in comparison
with that of the liquid, may readily be taken into account

when necessary.
The similarity of the expressions for A, the heat of

dilution, and for X, the heat of saturation (161), is only

external, since in this case the solution may be of any con-

centration, and therefore may be differentiated with respect
to the temperature, e being kept constant, while in (161)
the concentration of a saturated solution changes with

temperature in a definite manner.

§ 222. Since A is small for small values of c (dilute solu-

tions, § 97), then, according to (178), the ratio of the vapour

pressure of a dilute solution of fixed concentration to the

vapour pressure of the pure solvent is practically independent
of the temperature (Babo's law).

§ 223. Temperature Constant : dd = 0.—The relation

between the vapour pressure (p) and the concentration (c)

of the solution is, according to (175),

(^\=-T- • • • <™>

Neglecting the specific volume of the liquid in comparison
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with that of the vapour, and considering the latter a perfect

gas of molecular weight m, equation (177) gives

or
/9 log: «\ m

Since
ip

is always positive (§ 217), the vapour pressure must

decrease with increasing concentration. This proposition
furnishes a means of distinguishing between a solution

and an emulsion. In an emulsion the number of particles

suspended in the solution has no influence on the vapour

pressure.

So long as the quantity <p
is undetermined, nothing

further can be stated with regard to the general relation

between the vapour pressure and the concentration.

§ 224. As we have jj
=

|)o
when c = (pure solvent),^

—
|>o

is small for small values of e. We may, therefore, put

5p _ p —
po _ p — po

dc
~

c —
~

c

Hence, by (179),

Po-P^'^ (180)

and substituting for s, as in (177), the specific volume of

the vapour, considered a perfect gas, we get

Pojz± =
'J^ (181)

This means that the relative decrease of the vapour pressure

is proportional to the concentration of the solution (Wiillner's

law). For further particulars, see § 270.

§ 225. Pressure Constant : dp = 0. — The relation
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between the temperature (boiling point) and the concen-

tration is, by (175),

i~\ = (182)

Since p is positive, the boiling point rises with increasing

concentration. By comparing this with the formula (179)
for the decrease of the vapour pressure, we find that any
solution gives

(f) : fl)
= _ »^

\oc/p \ac^ L

i.e. for an infinitely small increase of the concentration the

rise in the boiling point (at constant pressure) is to the

decrease of the vapour pressure (at constant temperature)
as the product of the absolute temperature and the specific

volume of the vapour is to the heat of vaporization of the

solution.

Kemembering that this relation satisfies the identity

\dcL
•

ydel
- Wh

we come immediately to the equation (176).

§ 226. Let 00 be the boiling point of the pure solvent

(c
=

0), then, for some values of c, the difference between

B and 0o will be small, and we may put

dO _ 0-00 ^ 0-0
dc~ c — i)

~~
c

whereby the equation becomes

0-00 = "^ (183)

This means that the elevation of the boiling point is pro-

portional to the concentration of the solution. For further

details, see § 269.
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§ 227. Let the second phase consist of the pure solvent

in the solid state instead of the gaseous state, as happens
in the freezing of an aqueous salt solution or in the pre-

cipitation of salt from a saturated solution. In the latter

case, in conformity with the stipulations of § 220, the salt

will be regarded as the first constituent (the solvent), and

water as the second constituent (the dissolved substance).
The equation (175) is then directly applicable, and may be

discussed in three different ways. We may ask how the

freezing point or the saturation point of a solution of definite

concentration changes with the pressure {dc = 0) ; or, how

the pressure must be changed, in order that a solution of

changing concentration may freeze or become saturated at

constant temperature (clB
= 0) ; or, finally, how the freezing

point or the saturation point of a solution under given

pressure changes with the concentration (dp = 0). In the

last and most important case, if we denote the freezing

point or the saturation point as a function of the concen-

tration by 6', to distinguish it from the boiling point, equa-
tion (175) gives

\dc)j,- L'

L being the heat absorbed when unit mass of the solvent

separates as a solid (ice, salt) from a large quantity of the

solution of concentration c. Since L is often negative, we

may put L = — L' and call L' the Jieat of solidification of

the solution or the Jieat of 2>^ecipitation of the salt. We
have, then,

The heat of solidification (L') of a salt solution is always

positive, hence the freezing point is lowered by an increase

of concentration e. On the other hand, if the heat of pre-

cipitation (L') of a salt from a solution be positive, the

saturation point 0' is lowered by an increase of the mass

of water, or rises with an increase of the concentration of
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the salt. If L' be negative, the saturation point is lowered

by an increase of the concentration of the salt. Should we

prefer to designate by e, not the amount of water, but the

amount of salt in a saturated solution, then, according to

the definition of e in (162) and of
<p

in (165), we should

have ~
replacing c in (184) and c^ replacing f, and therefore

\ =^. (185)

Here c and ^ have the same meaning as in equation (184),
which refers to the freezing point of a solution.

§ 228. Let 0o' be the freezing point of the pure solvent

(c
=

0), then, for small values of c, 6' will be nearly = 0'o,

and we may put

dO' ^ e^Oo' ^ 0' - Op'

do c —
~

c

Equation (184) then becomes

0o'
- 0' =^ (186)

which means that the lowering of the freezing point is

proportional to the concentration. For further particulars,

see § 271.

§ 229. The positive quantity, f , which occurs in all these

formulae, has a definite value for a solution of given c, 6,

and p, and is independent of the nature of the second phase.

Our last equations, therefore, connect in a perfectly general

way the laws regarding the lowering of the vapour pressure,

the elevation of the boiling temperature, the depression of the

freezing point, and the change of the saturation point. Only
one of these phenomena need be experimentally investigated
in order to calculate f, and by means of the value thus

determined the others may be deduced for the same solution.
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We shall now consider a further case for which
<p

is of

fundamental importance, viz. the state of equilibrium which
ensues when the pure liquid solvent forms the second phase,
not in contact with a solution, for no equilibrium would

thus be possible, but separated from it by a membrane,

permeable to the solvent only. It is true that for no
solution can perfectly semipermealle membranes of this cha-

racter be manufactured. In fact, the further development of

this theory (§ 259) will exclude them as a matter of prin-

ciple, for in every case the dissolved substance will also

diffuse through the membrane, though possibly at an

extremely slow rate. For the present it is suflficient that

we may, without violating a law of thermodynamics, assume

the velocity of diffusion of the dissolved substance as small

as we please in comparison with that of the solvent. This

assumption is justified by the fact that semipermeability

may be very closely approximated in the case of many
substances. The error committed in putting the rate of

diffusion of a salt through such a membrane equal to zero,

falls below all measurable limits. An exactly similar error

is made in assuming that a salt does not evaporate or

freeze from a solution, for, strictly speaking, this assumption
is not admissible (§ 259). The condition of equilibrium
of two phases separated by a semipermeable membrane is

contained in the general thermodynamical condition of

equilibrium (145),

W + 8^" = 0, .... (187)

which holds for virtual changes at constant temperature
and pressure in each phase. The only difference between

this case and free contact is, that the pressures in the two

phases may be different. Pressure always means hydrostatic

pressure as measured by a manometer. If, in the general

equation (76), we put

W = - p'W -
i)"8V",

it immediately follows that (187) is the condition of equili-

brium. The further conclusions from (187) are completely
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analogous to those which are derived, when there is a free

surface of contact. Corresponding to (163) we have for any

displacement of the equilibrium

P^
-
^#'

- ^#" +
^Mi'g^^

+
^M^'g^l-,

+ . . . = 0.

Since the constituent 2 occurs only in the first phase, we get,

instead of (175),

pfZe
-

^(Z^y

-
yif

-
fde = 0. . . (188)

Here, as in § 221, L is the "heat of removal" of the solvent

from the solution, i.e. the heat absorbed when, at constant

temperature and constant pressures p and ^/', unit mass of

the solvent passes through the semipermeable membrane
from a large quantity of the solution to the pure solvent.

The change of volume of the solution during this process
is s' (negative), that of the' pure solvent s" (positive). In the

condition of equilibrium (188), three of the four variables

0, p', I)",
c remain arbitrary, and the fourth is determined by

their values.

Consider the pressure ^f in the pure solvent as given and

constant, say one atmosphere, then dp" = 0. If, further, we

put dS = and dc not equal to zero, we are then considering
solutions in which the concentration varies, but the tem-

perature and the pressure in the pure solvent remains the

same. Then, by (188),

Since
<p
> 0, and s' < 0, ^' the pressure in the solution

increases with the concentration.

The difference of the pressures in the two phases,

2j'
—
p' = P, has been called the osmotic pressure of the

solution. Since jj" has been assumed constant, we may write

m,-'! (-)
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Thus the laws of the osmotic pressure have also been

expressed in terms of ^, wliich controls those of the depression
of the freezing point, the elevation of the boiling point, etc.

Since
<p

is positive, the osmotic pressure increases with in-

creasing concentration, and also, since
j>'
—
p" vanishes when

c = 0, the osmotic pressure is necessarily positive.

For small values of c,

3P ^ P -
^ P

5c
~

c —
~

c

and — s' is nearly equal to v the specific volume of the

solution. It therefore follows from (189) that

P =
'^. (190)

A further discussion of this question will be found in

§ 272.

§ 230. In the preceding paragraphs we have expressed
the laws of equilibrium of several systems, that fulfil the

conditions of § 220, in terms of a quantity <p
which is cha-

racteristic for the thermodynamical behaviour of a solution.

Starting from the two equations (170) and (171), we find

that all the relations in question depend on f' and f". A
better insight into the nature of these quantities is gained

by extending to the liquid state the idea of the mole-

cule, hitherto applied only to gases. This step is taken in

the next two chapters, and it appears that the manner in

which the idea applies is uniquely determined by the

propositions of thermodynamics, which have been given.

§ 231. Just as the conditions of equilibrium (170) and

(171) were deduced for two independent constituents in two

phases from the general relation (153), so in the same

way an entirely analogous deduction may be made in the

general case.

We shall conclude this chapter by giving, briefly, the
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results for a system of a independent constituents in /3

phases.

Denoting the concentrations of the independent con-

stituents, relative to one fixed constituent 1,. by

Mo'



CHAPTER IV.

GASEOUS SYSTEM.

§ 232. The relations, which have been deduced from the

general condition of equilibrium (79) for the different pro-

perties of thermodynamical equilibria, rest mainly on the

relations between the characteristic function 4^, the tempera-
ture, and the pressure as given in the equations (150). It

will be impossible to completely answer all questions regard-

ing equilibrium until ^ can be expressed in its functional

relation to the masses of the constituents in the different

phases. The introduction of the molecular weight serves

this purpose. Having already defined the molecular weight
of a chemically homogeneous gas as well as the number of

molecules of a mixture of gases by Avogadro's law, we shall

turn first to the investigation of a system consisting of one

gaseous phase.
The complete solution of the problem consists in express-

ing ^ in terms of 0, f, and wi, ?*2> %> • • • » the number of

all the different kinds of molecules in the mixture.

Since we have, in general, by (75),

T ^ U + pV

we are required to express the entropy $, the energy U, and

the volume V as functions of the above independent variables.

This can be done, in general, on the assumption that the

mixture obeys the laws of perfect gases. Such a restriction

will not, in most cases, lead to appreciable errors. Even this

assumption may be set aside by special measurement of the



2o8 THERMOD YNAMICS.

quantities <J>, U, and V, as is given later. For the present,

however, perfect gases will be assumed.

§ 233. The laws of Boyle, Gay Lussac, and Dalton deter-

mine the volume of the mixture, for equation (16) gives

V =
|%i

+ ,^, + . .
.)
=
^^n,.

. (191)

By the first law of thermodynamics, the energy U of a

mixture of gases is given by the energies of its constituents,

for, according to this law, the energy of the system remains

unchanged, no matter what internal changes take place,

provided there are no external effects. Experience shows

that when diffusion takes place between a number of gases
at constant temperature and pressure, neither does the

volume change, nor is heat absorbed or evolved. The energy
of the system, therefore, remains constant during the process.

Hence, the energy of a mixture of perfect gases is the sum
of the energies of the gases at the same temperature and

pressure. Now the energy Ui of Ux molecules of a perfect

gas depends only on the temperature ;
it is, by (35),

Ui =
»ii((J.,0 + /ii), (192)

where
c^^

is the molecular heat of the gas at constant volume,

and li\ is a constant. Hence the total energy of the mixture

is

U =
5%(c.,0 + Ai) (193)

§ 234. We have now to determine the entropy ^ as a

function of 0, j),
and Wi, n.j, . . . the number of molecules.

<I>, in so far as it depends on ^ and
^j, may be calculated from

the equation (60),

a



GASEOUS SYSTEM. 209

where the differentials correspond to variations of Q and
"p,

but not of the number of molecules.

Now, by (193),

and, by (191),

clY =
R;gM(3)'

and, by integration,

iP =
5wi(^^,.

log + E log 3)
+ C. . (194)

The constant of integration C is independent of 6 and
j;,

but may depend on the composition of the mixture, i.e. on

the numbers ui, n^, %. . . . The investigation of this relation

forms the most important part of our problem. The deter-

mination of the constant is not, in this case, a matter of

definition. It can only be determined by applying the

second law of thermodynamics to a reversible process which

brings about a change in the composition of the mixture.

A reversible process produces a definite change of the entropy
which may be compared with the simultaneous changes of

the number of molecules, and thus the relation between the

entropy and the composition determined. If we select a

process devoid of external effects either in work or heat,

then the entropy remains constant during the whole process.

We cannot, however, use the process of diffusion, which leads

to the value of U
;
for diffusion, as might be expected, and

as will be shown in § 238, is irreversible, and therefore leads

only to the conclusion that the entropy of the system is

thereby increased. There is, however, a reversible process
at our disposal, which will change the composition of the

p
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mixture, viz. the separation by a semipermeable membrane,
as introduced and established in § 229.

§ 235. Before we can apply a semipermeable membrane
to the purpose in hand, we must acquaint ourselves with

the nature of the thermodynamical equilibrium of a gas in

contact with both sides of a membrane permeable to it.

The membrane will act like a bounding wall to those gases
to which it is impermeable, and will, therefore, not introduce

any special conditions. Experience shows that a gas on both

sides of a membrane permeable to it is in equilibrium when
its partial pressures (§ 18) are the same on both sides, quite

independent of the other gases present. This proposition
is neither axiomatic nor a necessary consequence of the

preceding considerations, but it commends itself by its

simplicity, and has been confirmed without exception in

the few cases accessible to direct experiment.
A test of this kind may be established as follows:

Platinum foil at a white heat is permeable to hydrogen, but

impermeable to air. If a vessel having a platinum wall be

filled with pure hydrogen, and hermetically sealed, and the

platinum be then heated, the hydrogen must completely
diffuse out against atmospheric pressure. As the air cannot

enter, the vessel must finally become completely exhausted.*

* This inference was tested by me in the Physical Institute of the

University of Munich in 1883, and was confirmed witliin the limits of

experimental error as far as tlie actual deviation from ideal conditions might
lead one to expect. As this experiment has not been published anywhere,
I shall briefly describe it here. A glass tube of about 5 mm. internal diameter,

blown out to a bulb at the middle, was provided with a stop-cock at one end.

To the other end a platinum tube 10 cm, long was fastened, and closed at the

end. The whole tube was exhausted by the mercury pump, filled with

hydrogen at ordinary atmospheric pressure, and then closed. The closed

end of the platinum portion was then heated in a horizontal position by a

Bunsen burner. The connection between tlie glass and platinum tubes

having been made by means of sealing-wax, had to be kept cool by a

continuous current of water to prevent the softtning of the wax. After

four hours the tube was taken from the flame, cooled to the temperature of

the room, and the stop-cock opened under mercury. The mercury rose

rapidly, almost completely filling the tube, proving that the tube had been

very nearly exhausted.
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§ 236. We shall make use of the properties of semi-

permeable membranes to separate in a reversible and simple
manner the constituents of a gas mixture. Let us consider

the following example :
—

Let there be four pistons in a hollow cylinder, two of

them, A and A', in fixed positions ; two, B and B', movable

in such a way that the distance BB' remains constant, and

equal to AA'. This is indicated by the brackets in Fig. 5.

Fig. 5.

Further, let A' (the bottom), and B (the cover) be im-

permeable to any gas, while A is permeable only to one

gas (1), and B' only to another one (2). The space above

B is a vacuum.

At the beginning of the process the piston B is close to

A, therefore B' close to A', and the space between them

contains a mixture of the two gases (1 and 2). The con-

nected pistons B and B' are now very slowly raised. The

gas 1 will pass into the space opening up between A and B,

and the gas 2 into that between A' and B'. Complete

separation will have been eifected when B' is in contact with
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A. We shall now calculate the external work of this pro-

cess. The pressure on the movable piston B consists only
of the pressure of the gas 1, upwards, since there is a vacuum

above B ; and on the other movable piston, B', there is only
the partial pressure of the same gas, which acts downwards.

According to the preceding paragraph both these pressures

are equal, and since the paths of B and B' are also equal,

the total work done on the pistons is zero. If no heat be

absorbed or given out, as we shall further assume, the energy
of the system remains constant. But, by (193), the energy
of a mixture of gases depends, like that of pure gases, on

the temperature alone, so the temperature of the system
remains constant throughout.

Since this infinitely slow process is reversible, the

entropy in the initial and final states is the same, if there

are no external effects. Hence, the entropy of the mixture

is equal to the sum of the entropies which the two gases
would have, if at the same temperature each by itself occu-

pied the whole volume of the mixture. This proposition

may be easily extended to a mixture of any number of gases.
The entropy of a mixture of gases is the sum of the entrojjies

which the individual gases would have, if each at the saiw

temperature occupied a volume equal to the total volume of the

mixture. This proposition was first established by Gibbs.

§ 237, The entropy of a perfect gas of mass M and mole-

cular weight m was found to be (52)

M/"- log + -
log V + const.),

where c„ is the molecular heat at constant volume, as in

(192). By the gas laws (14), the volume of unit mass is

E e
V = — • -im p

whence the entropy is

n{e^ log + K log
-^
+ Jc),

. . . (195)
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* M
where n = —, the number of molecules, and the constant Tc

in

E ^
includes the term log

—
. Hence, according to Gribbs's pro-

position, the entropy of the mixture is

a

$ =
^wi(c,j log + R log

— + ^1),

jpi being the partial pressure of the first gas in the mixture.

Now, by (8), the p^sure of the mixture is the sum of

the partial pressures, Spi = p, and, by § 40, the partial

pressures are proportional to the number of molecules of

each gas,

Ih'- Ih ''•• = ni: n.2 : . . .

Hence m = —
; ^ p^

Wi + Wa + . . .

_ %

or, if we introduce the concentrations of the different gases

in the mixture,

^1 = -—
^-T
—

, ; ^2 =
wi + W2 + . . . Wi 4- W2 + • • •

Ih = Oi2) ; 2h = (^2P (196)

Thus the expression for the entropy of a mixture as a

function of 0, p, and n the number of molecules, finally

becomes

* =
2**i(^«'i log ^ + R log -^ + h). . (197)

Comparing this expression with the value of the entropy of
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a gas mixture given by (194), we see that the constant of

integration which was left undetermined is

C =
;^«i(A;i

- E log ci) . . . (198)

§ 238. Knowing the value of the entropy of a gas

mixture, we may answer the question which we discussed

in § 234, whether and to what extent the entropy of a

system of gases is increased by diifusion. Let us take the

simplest case, that of two gases, the number of molecules

being % and %, diffusing into one another under common
and constant pressure and temperature. Before diffusion

begins, the entropy of the system is the sum of the entropies
of the gases, by (195),

ni{e^, log + E log
- + h) -{- W2(c,, log + E log

- + ki).

After diffusion it is, by (197),

ni{cv., log + E log 1- h) + rh{cv., log + E log f- ^2)-

Therefore, the change of the entropy of the system is,

by (196),

— Wi E log ci
— W2 E log C2

an essentially positive quantity. This shows that diffusion

is always irreversible.

It also appears that the increase of the entropy depends

solely on the number of the molecules ni, n^, and not on
the nature—e.g. the molecular weight, of the diffusing gases.

The increase of the entropy does not depend on whether the

gases are chemically alike or not. By making the two

gases the same, there is evidently no increase of the entropy,
since no change of state ensues. It follows that the chemi-

cal difference of two gases, or, in general, of two substances,

cannot be represented by a continuous variable; but that
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here we can speak only of a discontinuous relation, either

of equality or inequality. This fact involves a fundamental

distinction between chemical and physical properties, since

the latter may always be regarded as continuous.

§ 239. The values of the entropy (197), the energy

(193), and the volume (191), substituted in (75), give the

function ^,

^ =
2ni(c., log + K log

J-^
+ h -

e,,
-
|

- E) ;

or, putting the quantity, which depends on p and 9, and

not on the number of molecules,

Cn log
-

^'
+ R log

- + ^1 - c.,
- R =

^1, (199)

§ 240. This enables us to establish the condition of

equilibrium. If in a gas mixture a chemical change, which

changes the number of molecules Ui n^ . . . by 8ni, hi^ . . .

be possible, then such a change will not take place if the

condition of equilibrium (79) be fulfilled, i.e. if, when 80 =
and S^ = 0,

or 2(^1
- R log (?i)a»i + ^nxl{fx

- R log Ci)
= 0. (200)

The quantities fi, <p2 • • • depend on B and j^ only, therefore

Further,

Wi<N , W2^
wiS log ci 4- W2S log C2 + . . . = —8ci + —

8^2 + • . •

Cl C2

and, by (196),

=
{ni + n.2+ .. .){hi + 8c2 +•••) = 0,

since Ci + C2 + . . . = 1.
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The condition of equilibrium, therefore, reduces to

^(fi
- K log c,)hH = 0.

Since this equation does not involve the absolute values of

the variations Swi, but only their ratios, we may put

hh : ^112 : . . . = VI : V2 : (201)

and take n, V2 . . . to denote the number of molecules

simultaneously passing into the mass of each constituent.

They are simple integers, positive or negative, according as

the gas in question is forming, or is being used up in the

formation of others. The condition of equilibrium now

becomes

]^((pi
- E log Ci)vi

= 0,

or v: log ., + ., log .,+ ... = "'^' +
v^^

+ . . .

.

The right-hand side of the equation depends only on tem-

perature and pressure (199). The equation gives a definite

relation between the concentrations of the different kinds of

molecules for given temperature and pressure.

§ 241. We shall now substitute the values of fi, f2- • • •

If, for shortness, we put the constants

XM^i - \ -
'^)

. g
= log ci

?^ = 6 (202)
XV

^^ = e (203)
It
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tnen

i>iiogCi-Lv2loge.2+ ... = loga + {vi + v-2+ ...)log
—

^
+ clog9,

or Ci-'iCa"^ . . . =
al-j e eS"

§ 242. This condition may be further simplified by
making use of the experimental fact (§ 50) that the atomic

heat of an element remains unchanged in its combinations.

By equation (203) He is the change of the sum of the

molecular heats of all the molecules of the system during
the reaction. The sum of the molecular heats, however,

being the sum of the atomic heats, remains unchanged,
hence c = 0, and the equation becomes

Jlci"! = ae
cf-J

§ 243. According to this equation the influence of the

pressure on the equilibrium depends entirely on the number

Si'i, which gives the degree to which the total number of

molecules, therefore also the volume of the mixture, is

increased by the reaction considered. Where the volume

remains unchanged, as, e.g., in the dissociation of hydriodic

acid, considered below, the equilibrium is independent of

the pressure.

The influence of the temperature depends further on the

constant h, which is closely connected with the heat eifect

of the reaction. For, by the first law,

Q = gU + p^Y,

which, by (193) and (191), 6 and p being constant, becomes

Q =
^(c,,

e + h + JXB) g/ii.
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If we refer the heat effect to the finite numbers v, instead

of the infinitely small numbers Sw, then the heat absorbed is :

L = 2(s 61 + /ii + m)vx,

and by (202) and (203), again putting c = 0,

L = KJ + EOSpi,

or, L = 1-97 (& + eSi^i) cal.

The term containing h refers to the heat spent in the increase

of the internal energy ;
the term containing to that spent

in external work.

§ 244. Before proceeding to numerical applications, we

shall enumerate the principal equations.

Suppose that in a gaseous system

wi mi ; % m2 ; % W3 ;
. . .

(w the number of molecules, m the molecular weight) any
chemical change be possible, in which the simultaneous

changes of the number of molecules are

hi\ : ^^-2 '- ^^3 =
1^1 : V2 : V3

{v simple, positive or negative integers) then there will be

equilibrium, if the concentrations

^
~

Til + Wa + ' ^ ~
wi + M2 +

satisfy the condition

-y/Bxn + vi + n.

rici"! = ae
-l/Bx--

%)^'
(204)
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The heat absorbed during the change at constant temperature
and pressure is

L = l-97 {6+ (vi+ v2 + ...)0) = l'97(6 + 0Si;i)cal. (205)-

while the change of volume is

s = K(vi + v2 +
...)^

=
R^Sri.

. . (206)

§ 245. Dissociation of Hydriodic Acid.—Since hydriodic
acid gas splits partly into hydrogen and iodine vapour, the

system is represented by three kinds of molecules :

rii HI; Wa H2; n^ T2;

The concentrations are :

ni W2 %
^1 = 7.

—
r^.
—

v~zr ; ^i =
:;:;

—
n:,
—

r-zr 5 ^3 =
ni + ?i2 + % '

^1 + W2 + % '

ni + n2 + n^

The reaction consists in the transformation of two molecules

of HI into one of H2 and one of I2 :

VI = -2; V2 = 1; V3 = 1.

By (204), therefore, in the state of equilibrium,

_b
Ci~Wc3^ = ae If

'^ = '^ = ae-l .... (207)

Since the total number of atoms of hydrogen {iix + 2/^2)

and of iodine {ux + 2%) in the system are supposed to be

known, equation (207) is suflScient for the determination of

the three quantities, Wi, n^, and n^, at any given temperature.
The pressure has in this case no influence on the equilib-

rium. Any two measurements of the degree of dissociation

are sufficient for the calculation of a and &. From Boden-

stein's measurements we have for

= 273 + 448 = 712; ^ = 0-01984;
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and for = 273 + 350 = 623
; ^ = 0-01494.

Hence, by (207),

a = 0-120
;
I = 1300.

Thus the equilibrium of any mixture of hydriodic acid,

hydrogen, and iodine vapour at any temperature, even

when the hydrogen and the iodine are not present in

equivalent quantities, is determined by (207). Equation

(205) gives the heat of dissociation of two molecules of

hydriodic acid into a molecule of hydrogen and a molecule

of iodine vapour :

L = 1-971 X 1300 = 25G0 cal.

§ 246.—Dissociation of Iodine Vapour.—At high tem-

peratures iodine vapour appreciably decomposes, leading to

a system of two kinds of molecules :

«i I2 ; n.2 1.

The concentrations are

til 7U

ni + «2 wi + W2

The reaction consists in a splitting of the molecule I.2 into

two molecules I,

.*. vi = — 1
; i'2

= 2
;

and in equilibrium, by (204),

crW = ,\ ^
= «'e"^- -

• . (208)
ni{ni + 11.2) f

^ '

a and V may be calculated from data given by Fr. Meier

and Crafts. AYhen p = 728 mm. of mercury,

,^— = 0-145 when 6 = 273 + 940 = 1213,
Zni 4- U2

and = 0-662 when B = 273 + 1390 = 1663.
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This gives, if p be measured in millimeters of mercury,

a' = 9375; V = 14690;

from which the equilibrium of dissociation may be deter-

mined for any temperature and pressure.

The heat of dissociation of a molecule of iodine is,

by (205),

L = 1-97 (14690 + 61)
= 28900 + 1 970 cal.

It will be seen that at such temperatures the external work,
on which the second term depends, has an appreciable
influence. At 1500" C. {B

= 1773) it amounts to 3.500 cal.,

making the heat of dissociation

L = 32400 cal.

§ 247. Graded Dissociation.—Since, by equation (208),

the concentration c^ of the monatomic iodine molecules does

not vanish even at low temperatures, the decomposition of

the iodine vapour should be taken into account in deter-

mining the dissociation of hydriodic acid. This will have

practically no influence on the results of § 245, but never-

theless we shall give the more rigorous solution on account

of the theoretical interest which attaches to it.

There are now four kinds of molecules in the system :

ui HI ; 712 H2 ; % I2 ; % I.

Two kinds of chemical changes are possible :

(1) vi = — 2
; V2 = 1

; V3 = 1
; 1/4=0; and

(2) vi' = ; V2' = ; v^ = — 1
; V4' = 2.

There will be equilibrium for each of these, if, by (204),

/, N C2 Cq % % _-

(1) crcpc^^^c,^^ = -y
= -A_3 = ,,e ^
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and

2 ^2 v^ Q
(2) Ci-^VVV*' = ^ —

/
—

\ \ ,

—
x =a!e~^ -.

^ ^
Ca = %('h + n.2 + 113 + Hi) 2^

The constants a, h, a', h' have the values calculated above.

The total number of hydrogen atoms (ni + 2)1.2) and of

iodine atoms (tii + 2% + n^) being known, we have four

equations for the complete determination of the four

quantities Wi, n^, iH, W4.

§ 248. The general equation of equilibrium (204) also

shows that at finite temperatures and pressures none of the

concentrations, e, can ever vanish ;
in other words, that the

dissociation can never be complete, nor can it completely
vanish. There is always present a finite, though perhaps
a very small number of all possible kinds of molecules.

Thus, in water vapour at any temperature at least a trace

of oxygen and hydrogen must be present (see also § 259).
In a great number of phenomena, however, these quantities
are too small to be of any importance.



CHAPTER V.

DILUTE SOLUTIONS.

\ 249. To determine ^ as a function of the temperature 0,

the pressure 'p,
and the number n of the different kinds of

molecules in a system of any number of constituents and

any number of phases, we may use the method of the pre-

ceding chapter. It is necessary first to find by suitable

measurements the volume V, and the internal energy U of

each single phase, and then calculate the entropy ^ from

the definition (60). A simple summation extending over

all the phases gives, by (75), the function ^ for the whole

system. On account of incomplete experimental data, how-

ever, the calculation of ^ can be performed, besides for a

gaseous phase, only for a dilute solution^ i.e. for a phase in

which one kind of molecule far outnumbers all the others in

the phase. We shall in future call this kind of molecule

the solvent, the other kinds the dissolved substances. This

differs from the definition of § 220. If Wo be the number
of molecules of the solvent, Wi, %, %, . . . the number of

molecules of the dissolved substances, then the solution

may be considered dilute if wo be large in comparison with

each of the numbers Wi, n^, %. . . . The state of aggrega-
tion of the substance is of no importance, it may be solid,

liquid, or gaseous.

§ 250. We shall now determine by the above method

the energy U and the volume V of a dilute solution. The

important simplification, to which this definition of a dilute

solution leads, rests on the mathematical theorem, that a

finite, continuous, and differentiable function of several
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variables, which have very small values, is necessarily a

linear function of these variables. This determines U and

V as functions of »0) «b ^^2> • • • Physically speaking, this

means that the properties of a dilute solution, besides

depending on the interactions between the molecules of the

solvent, necessarily depend only on the interactions between

the molecules of the solvent and the molecules of the dis-

solved substances, but not on the interactions of the dissolved

substances among themselves, for these are small quantities

of a higher order.

§
251. The quotient

—
,

i.e. the internal energy divided

by the number of molecules of the solvent, remains un-

changed if the numbers, %, Wi, «2 • • • be varied in the same

proportion ; for, by § 201, IT is a homogeneous function of

the number of molecules n^, %, n-i, . . ., oi the first degree.

-
is, therefore, a function of the ratios —,—,., ., and also a

'llQ tin Wo

linear function, since these ratios are small, and the function

is supposed to be diiferentiable. The function is, therefore,

of the form

U lu
, n.j— = »o + Wi h Wa h . . .

Wt) Hq Hi)

where, Hq, Wi, U2 are quantities depending, not on the number

of molecules, but only on the temperature B, the pressure p,

and the nature of the molecules. In fact, hq depends only
on the nature of the solvent, since the energy reduces to

?«o Uot when wi = = W2 = . . ., and Ui only on the nature of

the first dissolved substance and the solvent, and so on.

Ho, therefore, corresponds to the interactions between the

molecules of the solvent, Ui to those between the solvent

and the first dissolved substance, and so on. This contains

a refutation of an objection, which is often raised agaiust the

modern theory of dilute solutions, that it treats dilute solu-

tions simply as gases, and takes no account of the influence

of the solvent.
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§ 252. If the dilution is not sufficient to warrant the use

of this very simple form of the function U, a more accurate

relation may be obtained by expanding Taylor's series still

further,

- = Wo + Wi- + . . . + Un{
-

) + 2?fi2- • — + Waal
—

) + • • •

Wo «0 VWo/ Wo 72-0 VWo^

The coefficients Wu, U12, Waa, . . . refer to the influence of the

interactions of the dissolved molecules with one another.

This, in fact, is the only practicable way of obtaining a

rational thermodynamical theory of solutions of any con-

centration.

§
253. We shall here keep to the simple form, and write

U = iiqUq + WiWi + Waita + • • • )
/.^qqx

and V = WoVo + Wi^i + w^-^a + • • • 3

* *

How far these equations correspond to the facts may be

determined by the inferences to which they lead. If we

dilute the solution still further by adding one molecule of

the solvent in the same state of aggregation as the solution,

keeping meanwhile the temperature and the pressure p
constant, the corresponding change of volume and the heat

effect may be calculated from the above equations. One

molecule of the pure solvent, at the same temperature and

pressure, has the volume Vq and the energy wq. After dilu-

tion, the volume of the solution becomes

V =
(Wo + 1) ^0 + «1^1 + %^'2 + . . .

and the energy

U' = (wo + 1) Wo + wiWi 4- W2W2 + . . .

The increase of volume brought about by the dilution is

therefore

V - (V + vo),

i.e. the increase of volume is zero. The heat absorbed is, by
the first law (47),

U'-(U + Wo)+i){V'-(V + 2;o)}.
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This also vanishes. These inferences presuppose that the

number of molecules of the dissolved substances remain

unchanged, i.e. that no chemical changes {e.g. changes of

the degree of dissociation) are produced by the dilution. If

such were the case, the number of molecules of the dissolved

substances would have values in the equations for U' and V
different from those in the equations for U and V, and there-

fore would not disappear on subtraction. We may therefore

enunciate the following proposition : Further dilution of a

dilute solution, if no chemical changes accompany the process,

produces neither an appreciable change of volume nor an

appreciable heat effect; or, in other words, any change of
volume or any heat effect' pjroduced hy further dilution of a

dilute solution is due to chemical transformations among the

molecules of the dissolved substances.

§ 254. We now turn to the calculation of the entropy *P

of a dilute solution. If the number of molecules no, ni,

n.2, . . .he constant, we have, by (60),

j^ dV + pdV
d<P = gi^,

and, by (209),

7 duo + pdvo ,
dui + pdvi , dv^ + pdv^ ,d^ = no j^ h ui ^^-^ + ih-^—0-

— + . . .

Since u and v are functions of and p only, and not of n,

each of the coefficients of uq, Wi, %, . . ., must be a perfect

differential, i e. there must be certain functions 0, depending

only on and p, such that

, diia + pdvo ']

"90 = 2

, dui + pdvi
«^i =—gr

—
, du2 + pdv2
«^2 =

(210)
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We have, then,

* =
Wo<^0 + %^l + W202 + . . . + C, (211)

where the integration constant C cannot depend on Q and
jp,

but may be a function of the number of molecules. C may
be determined as a function of Wo) wi, n2, . . . for a particular

temperature and pressure, and this will be the general ex-

pression for C at any temperature and pressure.

We shall now determine C as a function of n taking
the particular case of high temperature and small pres-

sure. By increasing the temperature and diminishing the

pressure, the solution, whatever may have been its original

state of aggregation, will pass completely into the gaseous
state. Chemical changes will certainly take place at the

same time, i.e. the number of molecules n will change. But

we shall assume that the process takes place in such a way
as to leave the number of the different kinds of molecules

unaltered, because C remains constant only in this case.

Only an ideal process can accomplish this, since it passes

through unstable states. There is, however, no objection to

its use for our present purpose, since the above expression
for 4> holds not only for stable states of equilibrium, but for

all states characterized by quite arbitrary values of B, p, uq,

7ii, W2, . . . Stable equilibrium is a special case, satisfying

a further condition to be established below.*

* Hr. Cantor maintains (Ann. d. Phys., 10, p. 205, 1903) that it is not per-

missible to suppose that the gaseous state may be reached in this way.
"
It

must be proved that this represents a possible state of the substance, that it

may be at least a momentary state. But no theoretical proof of this has

been advanced, and direct experience does not at all justify such an assump-
tion." In reply, it has first of all to be pointed out that the possibility of

varying the temperature and the pressure, keeping the number of molecules

constant, merely depends on the fact that the number of molecules together

with the temperature and the pressure form the independent variables which

are necessary for the unique determination of the state of solution under

consideration. The variables are not subject to any limitations, except that

the number of atoms must remain on the whole unchanged. This does not

concern us here, and is chemically self-evident. Therefore, from a general

thermodynamical point of view, nothing stands in the way of letting the

pressure diminish and the temperature rise in any way, keeping the number

of molecules constant, if the formation of a new phase is prevented. When
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At a sufficiently high temperature, and a sufficiently

low pressure, any gaseous system possesses so small a

density, that it may be regarded as a mixture of perfect

gases (§ 21, and § 43). We have, therefore, by (194), bear-

ing in mind that here the first kind of molecule is denoted

by the suffix 0,

<I> =
%(ct.o log + K log -)

+ %(c„, log + R log ?)+...+ C. (212)

The constant C is independent of and 'p,
and has the

value given in (198). On comparing this with (211), it is

seen that the expression for <{>can pass from (211) into (212)

by mere change of temperature and pressure, only if the

constant C is the same in both expressions, i.e. if, by (198),

C = ?io (A<)
- R log Co) 4- wi (ki

- R log ci) + . . .

Here /.;o, A^i, h-2, . . . are constants, and the concentrations are

llQ 111

^ =—
; .

—
: '•>

^1 =
no + ui + th- • ' no -\- Hi + 112. . .

By (211), the entropy of a dilute solution becomes

$ = 7io(<^o+^-Rlog<'o) + ni(0i+ ^i-RlogCi)+ . . . (213)

If we put, for shortness, the quantities which depend only
on 6 and p,

, no + 2JVo _ ^

0i + ;fci-^^^
= ^J. . . (214)

<pi + f^2
=

<?

this is recognized, it requires only the hypothesis that by continuing this

process the ideal gaseous state is finally reached—a supposition which scarcely

anyone can object to, and which Hr. Cantor does not, at least directly, contra-

dict (Planck, Ann. d. Phyg. 10, p. 436, 1903).—Tb.
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we have, finally, from (75), (213) and (209),

^ = % (f
- R log Co) + nx (<pi

- R log ci)

+ W2(^2-RlogC2)+ ... (215)

This equation determines the thermodynamical properties of

a dilute solution.

§ 255. We may now proceed to establish the conditions

of equilibrium of a system consisting of several phases. As

hitherto, the different kinds of molecules in the phase will

be denoted by suffixes, and the different phases by dashes.

For the sake of simplicity the first phase will be left with-

out a dash. The entire system is then represented by

7?o ?'io» ^1 ''ii, '^2 »^2, • • •
i '^0' "io'j Wi' mi', n-i nii, . . .

j
Hq Mo", )h" mi", W2" WI2", . . .

I

. . (216)

The number of molecules are denoted by u, and the

molecular weights by m, and the individual phases are

separated by vertical lines. In the general formula we

signify the summation over the different kinds of molecules

of one and the same phase by writing the individual terms

of the summation ;
the summation over the different phases,

on the other hand, by the symbol S.

In order to enable us to apply the derived formulae, we

shall assume that each phase is either a mixture of perfect

gases or a dilute solution. The latter designation will be

applied to phases containing only one kind of molecule, e.g.

a chemically homogeneous solid precipitate from an aqueous
solution. One kind of molecule represents the special case

of a dilute solution in which the concentrations of all the

dissolved substances are zero.

§ 256. Suppose now that an isothermal isopiestic change
be possible, corresponding to a simultaneous variation

8%, Swi, Sri2> • . • ^f^o, ^ni, SW2', ... of the number of mole-

cules %, «i, n-i, . . . no, 111, rii, . . .
; then, by (79), this change
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will not take place, if at constant temperature and pressure

or, by (215), if

^(^0
- R log co)Srio 4- (?i

- R log Ci)5?ii -f (^2
- K log c^hi-i

+ . . . + ^?ioS(fo
- R log Co) + n^{^x

- R log ci)

+ 112^^2
- R log C2) 4- . • . =

The summation ^ extends over all the phases of the

system. The second series is identically equal to zero for

the same reason as was given in connection with equation

(200). If we again introduce the simple integral ratio

=
I'o : vi : V2 : • • • • vj : n' '. v^ '. ... (217)

then the equation of equilibrium becomes

]^(^0-R log Co)vo-(^l-R log (^1)1'!+ (^2-R log 62)1^2-'-
. . .

=
or

^vo log Co 4- vi log Ci 4- V2 log C.2 4- . . . =
jj^i'ofo

4- vi<pi4- . . .

= logK. . (218)

K like
<po5 fi> p-2,

is independent of the number of mole-

cules n.

§ 257, The definition of K gives its functional relation

to Q and
'p.

3 log K 1 ^ a^o , 5^1 a^pa ,

a log K 1 ^ 5^0 , a^i a^.2
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Now, by (214), we have for an infinitely small change
of B and p

u

and therefore, by (210),

From this it follows that

de~ e^
'

d[3~ 6'

Similarly

d(pi _ Wi 4- pvi dfi _ viM ~
¥ '

d^
~ ~

9'

Hence

dW K 1 ^. . . N / , , \—^— =
j^Zr(*'o^o

+ ''1**1 +...)+ ^^(voi^o + viVi +...),

5 log K 1 ^—^ = -
H^2»'o^o

+ '^i^i + • • •

Denoting by s the increase of volume of the system, and

by L the heat absorbed, when the change corresponding to

(217) takes place at constant temperature and pressure,

then, by (209),

S = ^VqVq 4- Vi-^i + V2V2 + . . .

and, by the first law of thermodynamics,

L =
^{vqUq + viWi +...)+ iK^oVq + viVi + . .

.) ;

therefore
~dt

=
KP ^"^^^^
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^"^ ^-=-K9 (220)

The influence of the temperature on K, and therewith

on the condition of equilibrium towards a certain chemical

reaction, is controlled by the heat effect of that reaction,

and the influence of the pressure is controlled by the corre-

sponding change of volume of the system. If the reaction

take place without the absorption or evolution of heat, the

temperature has no influence on the equilibrium. If it

produce no change of volume the pressure has no influence.

The former equations (205) and (206) are particular cases

of (219) and (220), as may be seen by substituting for

log K the special value obtained from (218) and (204) :

7 n

log K = log a -
^
+ (I'l + V.2 + . .

.) log
-.

§ 258. By means of equation (218) a condition of equili-

brium may be established for each possible change in a

given system subject to chemical change. Of course, K
will have a different value in each case. This corresponds
to the requirements of Gibbs's phase rule, which is general
in its application (§ 204). The number of the different

kinds of molecules in the system must be distinguished
from the number of the independent constituents (§ 198).

Only the latter determines the number and nature of the

phases ;
while the number of the different kinds of molecules

plays no part whatever in the aj^plication of the phase rule.

If another kind of molecule be introduced the number of

the variables increases, to be sure, but so does the number
of the possible reactions, and therewith, the number of the

conditions of equilibrium by the same amount, so that the

number of independent variables is quite independent
thereof.

§ 259. Equations (218) shows further that, generally

speaking, all kinds of molecules possible in the system



DILUTE SOLUTIONS. 233

will be present in finite numbers in every phase ;
for instance,

molecules of H2O must occur in any precipitate from an

aqueous solution. Even solid bodies in contact must

partially dissolve in one another, if sufficient time be given.
The quantity K, which determines the equilibrium, possesses,

according to the definition (218), a definite, in general, a finite

value for each possible chemical change, and none of the

concentrations c can, therefore, vanish so long as the

temperature and the pressure remain finite. This prin-

ciple, based entirely on thermodynamical considerations, has

already served to explain certain facts, e.g. the impossibility
of removing the last traces of impurity from gases, liquids,

and even solids. It also follows from it that absolutely semi-

permeable membranes are non-existent, for the substance

of any membrane would, in time, become saturated with

the molecules of all the various kinds of substances in

contact with one side of it, and thus give up each kind of

substance to the other side.

On the other hand, this view greatly complicates the

calculation of the thermodynamical properties of a solution,

since, in order to make no mistake, it is necessary to assume

from the start the existence in every phase of all kinds of

molecules possible from the given constituents. We must

not neglect any kind of molecule until we have ascertained

by a particular experiment that its quantity is inappreciable.

Many cases of apparent discrepancy between theory and

experiment may probably be explained in this way.
We shall now discuss some of the most important particu-

lar cases. They have been arranged, in the first place, accord-

ing to the number of the independent constituents of the

system ;
in the second, according to the number of the

phases.

§ 260. One Independent Constituent in One Phase.—
According to the phase rule, the nature of the phase depends
on two variables, e.g. on the temperature and the pressure.

The phase may contain any number of different kinds of

molecules. Water, for instance, will contain simple, double,
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and multiple HaO-molecules ;
molecules of hydrogen and

oxygen, H2 and O2 ; electrically charged ions H, HO, and

O, etc., in finite quantities. The electrical charges of the

ions do not play any important part in thermodynamics, so

long as there is no direct conflict between the electrical

and the thermodynamical forces. This happens when and

only when the thermodynamical conditions of equilibrium
call for such a distribution of the ions in the different phases
of the system as would lead, on account of the constant

charges of the ions, to free electricity in any phase. The
electrical forces strongly oppose such a distribution, and the

resulting deviation from the pure thermodynamical equi-
librium is, however, compensated by differences of potential
between the phases. A general view of these electromolecular

phenomena may be got by generalizing the expressions for

the entropy and the energy of the system by the addition

of electrical terms. We shall restrict our discussion to

states which do not involve electrical phenomena, and need

not consider the charges of the ions, which we may treat

like other molecules.

In the case mentioned above, then, the concentrations of

all kinds of molecules are determined by and ^. The
calculation of the concentrations has succeeded so far only

in the case of the H and OH ions (the number of the

O ions is negligible), in fact, among other methods, by the

measurement of the electrical conductivity of the solution,

which depends only on the ions. Kohlrausch and Heydweiller
found the degree of dissociation of water, i.e. the ratio of

+ -

the mass of water split into H and OH ions to the total

mass of water to be, at 18^ C,

14-3 X 10-1".

This number represents the ratio of the number of dis-

sociated molecules to the total number of molecules. We
may determine by thermodynamics the change of the dis-

sociation with temperature.
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The condition of equilibrium will now be established.
The system is, by (216),

+

iIq H2O ; ui H ; 7^2 OH.

Let the total number of molecules be

n = Uq + Hi + )1.2,

the concentrations are, therefore,

Wn % ih
<'o
= -

; ^'i
= -

; ^^2
= — •" w n n

The chemical reaction in question,

I'o • I'l : v-2
= Silo : Sill : S)i-2,

consists in the dissociation of one H2O molecule into H and

OH.

1^0= -1;_ I'l
= 1

; 1/2
= 1;

and therefore, by (218), in the state of equilibrium

-
log Co + log Ci + log C2 = K,

or, since Ci = C2, and Co = 1 nearly,

2 log Ci = log K.

This gives, by (219), the relation between the concentration

and the temperature :

o^ log ci _ 1 L
de

~
R 02"

(221)

According to Arrhenius, L, the heat necessary for the disso-

ciation of one molecule of H2O into H and OH, is equal to

the heat of neutralization of a strong monobasic acid and

base in dilute aqueous solution. J. Thomsen's experiments

give for mean temperatures :

r 4045000
IL = cal.

u
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On reducing calories to C.G.S. units, we get

3 log ci _ 1 4045000
50

~
2 X 1-971

^
03

•

On integrating, we have

, „^ 4045000 1 513000
,

The value of the constant C is found from the degree of

dissociation at 18° C. (0 = 291) ;

ci = c2 = 14-3xl0-'»

.\ C = 6-1 X 10-'

Hence the degree of dissociation for any temperature is,

_ 5i:iOuo

c'l =6-le "' X 10 -^

This agrees well with the electrical conductivity of pure
water when measured at different temperatures. Only at

the absolute zero of temperature does the dissociation, and

with it the conductivity, vanish. On the other hand, it

does not increase indefinitely with temperature, but reaches

a maximum value C.

§ 261. One Independent Constituent in Two or

Three Phases.—The main features of these cases have

already been discussed in Chapter II., §§ 205 to 207, and

§213.

§ 262. Two Independent Constituents in One Phase
—(A substance dissolved in a homogeneous solvent).

According to the phase rule, one other variable besides the

pressure and the temperature is arbitrary, e.<j.
the number

of the molecules dissolved in 1 litre of the solution, a

quantity which may be directly measured. The values of
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these three variables determine the concentrations of all

kinds of molecules, whether they have their origin in dis-

sociation, association, formation of hydrates, or hydrolysis
of the dissolved molecules. Let us consider the simple
case of a binary electrolyte, e.cj. acetic acid in water. The

system is represented by

% H2O, wi CH3.COOH, 7H &, % CH3.COO.

The total number of molecules,

n = n^ + Wi 4- ^^2 + *«3>

is only slightly greater than %. The concentrations are

" w n n n

The reaction to be considered is represented by

vo : VI : i'2 : V3 = Swq : Swi .: hi-2 : 8%,

and consists in the dissociation of one molecule of CH3.COOH
into its two ions.

vq
=

; vi = - 1
; V2 = 1

; V3 = 1.

Therefore, in equilibrium,

-
log Ci + log C2 + log Cg = log K;

(222)

or, since
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measured directly. Hence Cx and c.2 may be calculated from

the last two equations.

Ci 74i

C ni + 7l2

G
~

ni + «2

With increasing dilution (decreasing c), the ratio - increases

in a definite manner approaching the value 1, i.e. complete
dissociation. This also gives for the electrical conductivity
of a solution of given concentration Ostwald's so-called law

of dilution of binary electrolytes* which has been experi-

mentally verified in numerous cases. In a manner quite
similar to that of § 260, the heat effect of the dis-

sociation shows how the degree of dissociation depends
on the temperature. Conversely, as was first shown by
Arrhenius, the heat of dissociation may be calculated from

the rate of change of the dissociation with temperature.

§ 263. Usually, however, in a solution, not one, but a

large number of reactions will be possible. Accordingly,
the complete system contains many kinds of molecules.

As another example, we shall discuss the case of an electro-

lyte capable of splitting into ions in several ways, viz. an

aqueous solution of sulphuric acid. The system is repre-

sented by
+ - --

Wo H2O, wi H2SO4, 112 H, «3 HSO4, n^ SO4.

The total number of molecules is

11 = no + ni + 112 + W3 -1- W4 (nearly equal to Wo).

* K = '

where X^ is the molecular conductivity at dilution v ; X^c the molecular con-

ductivity at infinite dilution ; and /• the molecular volume of the electrolyte.—Tb.
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The concentrations are

tir. nx n^ Uq n*
" n n n n n

Here two different kinds of reactions

VQ : vi : va : Vi = driQ : Sw^ : Sn^ • ^% • ^^4

must be considered
; first, the dissociation of one molecule

of H2SO4 into H and HSO4 :

vo = ; 1^1
= — 1

; V2 = 1
; i'3

= 1
; V4 = ;

- + —
second, the dissociation of the ion HSO4 into H and SO4

vo = ; VI = ; i'2
= 1

; 1/3
= — 1

; v^ = 1.

Hence, by (218), there are two conditions of equilibrium :

-
log Ci + log Ca + log C3 = log K

and log C2
-

log Cg + log C4 = log K'
;

or ^ = K

and ^^ = K'.
C3

This further condition must be added, viz, that the total

number of SO4 radicals (#1 + n^ + n^) must be equal to half

the number of H atoms (2ni + n^ + %) ;
otherwise the

system would contain more than two independent con-

stituents. This condition is

2^4 + C3 = C2.

Finally, the quantity of sulphuric acid in the solution is

supposed to be given :

Cl + C3 + ^4 = c.
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The last four equations determine o^^ Ci, r^, e^, and hence the

state of equilibrium is found.

For a more accurate determination it would be necessary
to consider still other kinds of molecules. Every one of

these introduces a new variable, but also a new possible

reaction, and therefore a new condition of equilibrium, so

that the state of equilibrium remains uniquely determined.

§ 264. Two Independent Constituents in Two Phases.
—The state of equilibrium, by the phase rule, depends on

two variables, e.g. temperature and pressure. The wide range
of cases in point makes a subdivision desirable, according as

only one phase contains both constituents in appreciable

quantity, or both phases contains both constituents.

Let us first take the simpler case, where one (first) phase
contains both constituents, and the other (second) phase
contains only one single constituent. Strictly speaking
this never occurs (by 259), but in many cases it is a suffi-

cient approximation to the actual facts. The application
of the general condition of equilibrium (218) to this case

leads to different laws, according as the constituent in the

second phase plays the part of dissolved substance or solvent

(§ 249) in the first phase. We shall therefore divide this

case into two further subdivisions.

§ 265. The Pure Substance in the Second Phase
forms the Dissolved Body in the First.—An example of

this is the absorption of a gas, e.g. carbon dioxide in a liquid
of comparatively small vapour pressure. The system is

represented by

n H2O, 111 CO2 I
uq CO2.

The concentrations of the diiferent kinds of molecule of

the system in the two phases are

_ Uq _ 111 '_%'_!
''~% + ni'

""'
-

n, + wi'
''o
-
^

- ^-
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The reaction

>'o : v\ '• vo = Suq : Sni : ^hq

consists in the evaporation of one molecule of carbon dioxide

from the solution, therefore,

Vo = 0, Vi = —
1, Vo' = 1.

The condition of equilibrium

vo log Co + vi log Ci + vo' log Co' = log K.

is, therefore,

-
log ci = log K, . . . . (223)

or, at a given temperature and pressure (for these deter-

mine K), Ci the concentration of the gas in the solution is

determined. The change of concentration with pressure
and temperature is found by substituting (223) in (219)
and (220) :

''f^'
= ir • • • • (^2*)

s is the increase of volume of the system, L the heat

absorbed during isothermal-isopiestic evaporation of one

gram molecule of CO2. Since s represents nearly the

volume of one gram molecule of carbonic dioxide gas, we

may, by (16), put

m
s = — ,

P

and equation (224) gives

d log ci _ 1
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On integrating, we have

log Ci = log 2> + const.

or ci = C;j (226)

i.e. the concentration of the dissolved gas is 'proportional to the

jjressure of tlie free gas on the solution (Henry's law). The
factor C, which is a measure of the solubility of the gas, still

depends on the temperature, since (225) and (226) give

3 1ogC _ _ 1 L
56>

~
K Fa*

If, therefore, heat is absorbed during the evaporation of the

gas from the solution, L is positive, and the solubility

decreases with increase of temperature. Conversely, from

the variation of C with temperature, the heat effect pro-

duced by the absorption may be calculated
;

T - _ ?^' ^^
CM'

According to the experiments of Naccari and Pagliani,

the solubility of carbon dioxide in water at 20^ {0 = 293),

(expressed in a unit which need not be discussed here),

is 0*8928, its temperature coefficient — 0'02483
; therefore,

by (34),

T 1-971 X 2932 ^ 0-02483 _,,^ ,

^ = mm =^ '^'^^ '^^-

Thomsen found the heat effect of the absorption of one gram
molecule of carbon dioxide to be 5880 cal. The error

(according to Nernst) lies mainly in the determination of

the coefficient of solubility. Of the heat effect, the amount

m = 1-97 X 293 = 586 cal.

corresponds, by (48), to external work.

§ 266. A further example is the saturation of a liij^uid
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with an almost insoluble salt
; e.g. succinic acid in water.

The system is represented by

CH2 - COOH
^0 H2O, Wi

I

CH2 - COOH,
w,

CH2 - COOH
I

CH2 - COOH,

if the slight dissociation of the acid in water be neglected.
The calculation of the condition of equilibrium gives, as in

§223,

-
log ci = log K,

ci is determined by temperature and pressure. Further, by
(219),

L =
-R0^^-i|^

.... (227)

Van't Hofif was the first to calculate L by means of this

equation from the solubility of succinic acid at 0° C. (2*88)
and at 8-5° C. (4-22)

B log ci log, 4-22 - log, 2-88°—! — ^^ °l — 0-04494

This gives, for = 273, L = - 1-971 X 273^ x 0-4494

= — 6600 cals.
;

i.e. on the precipitation of one molecule

of the solid from the solution, 6600 cals. are given out.

Berthelot found the heat of solution to be 6700 cals.

If L be regarded as independent of the temperature,
which is permissible in many cases as a first approximation,
the equation (227) may be integrated with respect to 0,

giving

log ^1 = p^ + const.

§ 267. The relation (227) becomes inapplicable if the

salt in solution undergoes an appreciable chemical trans-

formation, e.g. dissociation. For then, besides the ordinary
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molecules of the salt, the products of the dissociation are

present in the solution; for example, in the system of

water and silver acetate,

7«oH20, WiCHaCOOAg, »2Ag, M3CH3TCOO
| ^^o'CHaCOOAg.

The total number of molecules in the solution :

n = ?io + »i + "2 + «3 (nearly =
»o).

The concentrations of the different molecules in both phases
are

" n n n n ^
n^

The reactions,

vq : vi : i'2 : vs : vq
= hi^ : hii : S??2 : his : S"o',

are :

(1) The precipitation of a molecule of the salt from the

solution :

Vq
= 0, n = -

1, V.2
= 0, V3 = 0, Vq

= 1.

(2) The dissociation of a molecule of silver acetate :

Vq
= 0, Vi = -

1, V2 = 1, V3 = 1, Vq
= 0.

Accordingly, the two conditions of equilibrium are :

(1)
-

log ci = log K
(2)

-
log ci + log Ca + log Cs = log K'

;

or, since C2 = C3,

= K'.el

At given temperature and pressure, therefore, there is in

the saturated solution of a salt a definite number of undis-

gociated molecules
;
and the concentration (C2) of the

dissociated molecules may be derived from that of the
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undissociated (ci) by the law of dissociation of an electrolyte,
as given in (222),

Now, since by measuring the solubility the value of

ci + C2, and by measuring the electrical conductivity the

value of 6-2, may be found, the quantities K and K' can be

calculated for any temperature. Their dependence on tempe-
rature, by (219), serves as a measure of the heat effect of the

precipitation of an undissociated molecule from the solution,

and of the dissociation of a dissolved molecule. Jahn has thus

given a method of calculating the actual heat of solution of

a salt, from measurements of the solubility of the salt and

of the conductivity of saturated solutions at diiferent tempe-
ratures ;

i.e. the heat effect which takes place when one

gram molecule of the solid salt is dissolved, and the fraction

is dissociated into its ions, as is actually the case inC2

Ci -f C2

the process of solution.

268. The Pure Substance occurring in the Second

Phase forms the Solvent in the First Phase.—This case

is realized when the pure solvent in any state of aggregation
is separated out from a solution of another state of aggre-

gation, e.g. by freezing, evaporation, fusion, and sublimation.

The type of such a system is

The question whether the solvent has the same molecular

weight in both phases, or not, is left open. The total

number of molecules in the solution is

n = no -I- wi -f- 11.2 + «3 + . . . (nearly
=

?io).

The concentrations are

n„

A possible transformation,

VQ : vx . . . : v'o = Swo : on\ . . . • cUq^
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is the passage of a molecule of the solvent from the first

phase to the second phase, i.e.

V(,
= - 1

; i^i
=

; 1^2
=

;
. . .

vo'
= --H . (228)

Equilibrium demands, by (218), that

-
log ^0 + 5 log < = log K,

'"o

and, therefore, on substituting the above values of Cq and c^,

log — = log K.

n -
,
Wi + n^ + ns+ . . .But - = 1 4-

and, therefore, since the fraction on the right is very small,

^^^ + ^ + ^^ + --- = logK. . . (229)

By the general definition (218), we have

log K =
^(vqPq

+ Vxfi + 1'2?2 + . . . + vJ(Pq'),

and, therefore, on substituting the values of v from (228),

This expression shows that log K also has a small value.

Suppose for the moment that log K = 0, i.e. that the

pure solvent takes the place of the solution

#1 + 7^2 + . . . = 0,

then, by (230),
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Since
spg

and (^^ depend only on 0, 'p
and the nature of the

solvent, and not on the dissolved substances, the above

equation asserts a definite relation between temperature and

pressure, which is, in fact, the condition which and p must

fulfil, in order that the two states of aggregation of the pure
solvent may exist in contact. On substituting the values of

fo and spo'
from (214), we return immediately to the condition

of equilibrium (101) which we deduced in the second chapter.
The pressure (vapour pressure) may be taken 6is depending
on the temperature, or the temperature (boiling point, melt-

ing point) as depending on the pressure.

Eeturning now to the general csise expressed in equa-
tion (230), we find that the solution of foreign molecules,

ni, «2> ^^3> • • • affects the functional relation between and

jp,
which holds for the pure solvent. The deviation, in fact,

depends only on the total number of dissolved molecules,

and not on their nature. To find its amount in measurable

quantities, we may introduce either
jj^,

the pressure which

would exist in the system at the given temperature 0, if

there were no dissolved molecules (lowering of the vapour

pressure), or the temperature Q^ which would exist at the

given pressure jj,
if there were no dissolved molecules

(elevation of the boiling point, depression of the freezing

point). If we take the second alternative,
—

6q will be

very small, and we may, therefore, put

log K = "^(0 -
%),dS

or, by (219), log K =
^

•

^(0
-

^o),

and
Wi + ?l2 + «3 + . • • L

/fl « \

or 61 -6lo = ^(ni + ?i2 + % + .. 0(231)

By this formula the elevation of the boiling point may
be calculated directly from the number of the dissolved

molecules, the temperature, and the heat of vaporization.
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Since L refers to the evaporation of one gram molecule of the

liquid, the product MqL depends only on the mass, and not

on the molecular weight i^m^ of the liquid solvent. If L is

to be expressed in calories, we must put R = 1*97 (by 34).

For instance, for one litre of water under atmospheric

pressure,

«oL = 1000 X 536 cal. (approximately), = 373,

and, therefore, the elevation of the boiling point is

. . 1-97 X 3732
^-^" =

r000x53(/^'^ + "^ + --->

=
0-51(wi + W2 + . .

.)°
C.

§ 269. Let us now compare equation (231) with the

relation (183), also referring to the elevation of the boiling

point, but deduced from more general principles inde-

pendent of any molecular theory. The equation is

6I_0^ = ^^_ (232)

Here c denotes the ratio of the mass IMs of the dissolved

non-volatile substance to the mass Mi of the solvent. In

the present notation,

^ _ n-QUx + %??i2 + . .

/23o>|

L, in (232), is the heat of vaporization per unit mass of the

solvent
; therefore, in the present notation,

^
(234)

m,

The equation (232), therefore, becomes

- e = ('^i^»i + n^m^ +
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Comparison with (231) shows that the two theories will

agree perfectly only if

R(% + ^2 +
._^)^^ . . . (235)

nxmx + W2?n2 + . . .

The molecular theory here set forth specializes the previous
more general theory in such a way as to assign the particular
value (235) to the quantity f, formerly defined by (165).

§ 270. The quantity <^
was found to be of importance for

a whole series of other properties of solutions besides the

elevation of the boiling point. These relations may at once

be specialized for dilute solutions by substituting the value

of
c<p from (233) and (235),

B(^i + % + %+^.J^ . . (236)

and for L and s, by (234), the values

— and— (237)

In this way, for the lowering of the vapour pressure of dilute

solutions, we deduce, from (180),

i'o-i^ = ^%i + ^2 + %-l-...)- . (238)

If the vapour of the solvent form a perfect gas, and the

specific volume of the solution be negligible in comparison
with that of the vapour, then s (the change of volume of

the system produced by the evaporation of a gram molecule

of the liquid) is equal to the volume of the vapour formed.

By (228),

. = 11^,. ^,
mo ly
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therefore, by (238),

_ <j>(wi + ?t2 + . .
.)

or, the relative lowering of the vapour pressure,

i^o^^' =
(,,,4- ^^a + %+...)^-

This relation is frequently stated thus :
—The relative loivei'-

ing of the vapour pressure of a solution is equal to the ratio

of tlie number of the dissolved molecules (ui + »-2 + "3 4- • •
.)

to the number of the molecules of the solvent ()Iq), or, what is

the same thing in dilute solutions, to the total number of the

molecules of the solution. This proposition holds only, as is

evident, if rn^
= m^, i.e. if the molecules of the solvent pos-

sess the same molecular weight in the vapour as in the

liquid. This, however, is not generally true, as, for example,
in the case of water. It may be well therefore to emphasize
this fact, that nothing concerning the molecular weight of

the solvent can be inferred from the relative lowering of the

vapour pressure, any more than from its boiling point, freez-

ing point, or osmotic pressure. Measurements of this kind

will not, under any circumstances, lead to anything but the

total number {ni + n.2 + . .
.)

of the dissolved molecules.

Thus, in the last equation the product riQinQ
is immediately

determined by the mass of the liquid solvent, and the mole-

weight, m^, of the vapour by its density.

§ 271. For the depression of the freezing point of a

dilute solution, it follows from (186), (236), and (237), that

6i;-0'= ^-f,(ni + 7^2 + «3 + ...).

L' being the heat of solidification of a gram molecule of the

solvent. The product, h^L', is given by the mass of the

solvent ;
it is independent of its molecular weight. To

express L' in calories we must put R = 1 97 (by 34).
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Take water as an example : For 1 litre of water under

atmospheric pressure, n^' = 1000 x 80 cal. approximately.

6q
= 273, and therefore the depression of the freezing point is

^»'
-^'=

IGWVW^'*^ + n, + ...)
=

1-84(,H + n,+ .. .fC.

§ 272. Finally, for the osmotic pressure P we have, from

(190),

V is the specific volume of the solution, and therefore the

product }y>?(,i'
is approximately its whole volume V.

Hence

P =
^(Wi

+ ^2 + M3 + . .
.),

an expression identical with the characteristic equation of a

mixture of perfect gases with the number of molecules,

Ml, n.2, «3, • • .

§ 273. Each of the theorems deduced in the preceding

paragraphs contains a method of determining the total

number of the dissolved molecules in a dilute solution.

Should the number calculated from such a measurement

disagree ^ith the number calculated from the percentage

composition of the solution on the assumption of normal

molecules, some chemical change of the dissolved molecules

must have taken place by dissociation, association, hydrolysis,

or the like. This inference is of great importance in the

determination of the chemical nature of dilute solutions.

The number and nature of the different kinds of molecules

are uniquely determined by the total number of mole-

cules only in quite special cases, viz. when the dissolved

substance undergoes a chemical change only in one way.
In this case the total mass of the dissolved substance

and the total number of molecules formed by it in the



252 THERMOD YNAMICS.

solution are sufficient for the calculation of the number
of all the different kinds of molecules present. This

case is exceptional, however, for we have seen (§ 259)
that all the molecules a substance is capable of forming

necessarily occur in the solution in finite quantities. As
+ —

soon as two reactions {e.g. H2SO4 = 2H + SO4 and
+ —

H2SO4 = H + HSO4) must be considered, the analysis of

the equilibrium remains indeterminate, since there are more

unknown quantities than determining equations. For this

reason there is no direct connection between the depression
of freezing point, the elevation of the boiling point, etc., on

the one hand, and electrical conductivity on the other. For

the one set of quantities depends on the total number of

the dissolved molecules, charged or uncharged, while the

other depends on the number and nature of molecules

charged with electricity (ions), which cannot, in general,

be calculated from the former. Conversely, a disagreement
between the depression of the freezing point as calculated

from the conductivity, and as observed, is not in itself an

objection to the theory, but rather to the assumptions made
in the calculation concerning the kinds of molecules present.

Eaoult was the first to establish rigorously by experi-
ment the relation between the depression of the freezing

point and the number of the molecules of the dissolved

substance
;
and van't Hoff gave a thermodynamical explana-

tion and generalization of it by means of his theory of

osmotic pressure, xipplication to electrolytes was rendered

possible by Arrhenius' theory of electrolytic dissociation.

Thermodynamics has led quite independently, by the method
here described, to the necessity of postulating chemical

changes of the dissolved substances in dilute solutions.

§ 274. Each Phase contains both Constituents in

Appreciable Quantity.
—The most important case is the

evaporation of a liquid solution, in which not only the

solvent, but also the dissolved substance is volatile. The

general equation of equilibrium (218), being applicable to
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mixtures of perfect gases whether the mixture may be

supposed dilute or not, holds with corresponding approxi-
mation for a vapour of any composition. The liquid, on the

other hand, must be assumed to be a dilute solution.

In general, all kinds of molecules will be present in

both phases, and therefore the system is represented by

Wg m(j, Wi wii, W2 ^'^2 • • •
I ^0' ^'^0' ^1' "^1' ^^' ^2 • • •

The molecules have the same molecular weight in both

phases. The total number of molecules in the liquid is

w = Wo + % + ?i2 + • • • (nearly = «o),

in the vapour

w' = Wq' \- nx -V n.{ -V . . .

The concentrations of the different kinds of molecules are,

in the liquid,

in the vapour,

Wn Wi W2
c„
= —

; ci = — ; cg = — ;° n n n

The reaction

vq '. vi '. Vi :...'. vq : VI : V2 : . . .

=
Stoq '.Ini'.^n^^: ...: Shq : 8%' : ^n2 : . . .

consists in the evaporation of a molecule of the first kind,

and therefore

Vo = 0, Vi = -
1, V2 = 0, . . . Vq

= 0, Vi = 1, V2' = 0, . . .

The equation of equilibrium becomes

-
log ci + log ci = log K,

or ^ = K.
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For every hind of molecule, which possesses tlie same molecular

weight in both phases, there is a constant ratio of distribution,

which is independent of the presence of other molecules

(Nernst's law of distribution).

If, on the other hand, a molecule of the solvent

evaporate, we have,

vq
= —

1, vi = 0, V2 = 0, . . .
I'o'
= 1, vi = 0, V2 = . . .

;

and the equation of equilibrium becomes

-
log Co + log Cq'

= log K,

where

-log..-.<^
=
log(l

+-±^)=-±^-
= ci 4- C2 + (239)

:. C1 + C2+ ... + log < = log K, . . (240)

where Ci, c.2, . . ., the concentrations of the molecules dis-

solved in the liquid, have small values. Two cases must be

considered.

Either, the molecules «Iq in the vapour form only a small

or at most a moderate portion of the number of the vapour
molecules. Then the small numbers Ci, C2, . . . , may be

neglected in comparison with the logarithm, and therefore

log Co = log K.

This asserts that the concentration of the molecules of

the solvent in the vapour does not depend on the composi-
tion of the solution. An example of this is the evaporation
of a dilute solution, when the solvent is not very volatile,

e.g. alcohol in water. The partial pressure of the solvent

(water) in the vapour is not at all dependent on the con-

centration of the solution, but is equal to that of the pure
solvent.

Or, the molecules mQ in the vapour far outnumber all

the other molecules, as, e.g., when alcohol is the solvent in
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the liquid phase, water the dissolved substance. The con-

centrations Ci, C2 . . . must not be neglected, and, as in (239),

log Co'
= -

(ci' + C2' 4- . . .
.) ;

equation (240) therefore becomes

(ci + C2 + . .
.)
-

(c/ + 02'+...) = log K.

This relation contains an extension of van't Hoflfs laws

concerning the elevation of the boiling point, the diminution

of the vapour pressure, etc., and asserts that wlien the

substance dissolved in the liquid also passes in part into the

vapour, the elevation of boiling point or the diminution of
the vapour pressure depends 710 longer on the concentrations

of the moleeules dissolved in the liquid, hut on the difference

of their concentrations in the liquid and in the vapour.
If this difference be zero, the distillate being of the same

composition as the liquid, the elevation of the boiling point
and the diminution of the vapour pressure vanish. This

conclusion has already been reached from a more general

point of view (§ 219). If the concentration of the dissolved

substance in the vapour bo larger than that in the liquid,

as may happen in the evaporation of an aqueous solution of

alcohol, the boiling point falls, while the vapour pressure

rises.

Exactly analogous theorems may, of course, be deduced

for other states of aggregation. Thus, the more general

statement of the law concerning the freezing point would

be : If both the solvent and the dissolved substance of a dilute

solution solidify in such a way as to form another dilute

solution, the depression of the freezing point is not proportional

to the concentrations of the dissolved substances in the liquid,

but to the difference of the concentrations of the dissolved

substances in the liquid and solid phases, and changes sign

with this difference. The solidification of some alloys is an

example.
While these laws govern the distribution of the mole-

cules in both phases, the equilibrium within each phase
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obeys the laws, which were deduced in § 262, etc. We
again meet with the laws of dissociation, association, etc.

(Nernst).

§ 275. Three Independent Constituents in one Phase.
—Two dissolved substances in a dilute solution will not affect

one another unless they have certain kinds of molecules in

common, for there is no transformation possible, and there-

fore no special condition of equilibrium to fulfil. If two

dilute solutions of totally different electrolytes in the same

solvent be mixed, each solution will behave as if it had been

diluted with a corresponding quantity of the pure solvent.

The degree of the dissociation will rise to correspond to the

greater dilution.

It is different when both electrolytes have an ion in

common, as, for example, acetic acid and sodium acetate.

In this case, before mixing there are two systems :

noHaO, Wi CH3.COOH, n. H, H3CH3.COO,

and
?io' H2O, n; CHg.COONa, ni Na, n^ CH3.COO.

As in (222), for the first solution,

^' = K, or^ = K, . . . . (241)

for the second, ^! = K', or^ = K'. . . . (242)

After mixing the two, we have the system

TioHaO, niCHg-COOH, n^CHa-COONa, n^K, njia, /IsCHa'COO,

where, necessarily,

oIq
= Uq + Uq (number of H2O molecules)

ii^ 4- Hi = ih' + W2' (number of Na atoms)

ni + n^ = Wi + ih (number of H atoms)

lis + fH = 115 (number of + ions = number of

—
ions).

(243)
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The total number of molecules in the system is

ii = Hq + ill + «2 + >h + >'h + ft5 (nearly =
Hq).

The concentrations are

fin fil - I'h - ih _ fli . W5
" n n n n n n

In the system there are two different reactions,

v^^'. vi '. vi ' i'3 : vi
'

V5 = cll^j
: 8/7i : S/I2 • 0AI3 : S/i4 : S»5,

possible ; first, the dissociation of one molecule of acetic acid,

I'O
= 0, VI = -

1, l'-2
= 0, Va = 1, )'4 =^0, V5 = 1,

and therefore the condition of equilibrium is, by (218),

-
log ci + log C3 + log C5 = log K,

^=K,or?^ = ^^^'^, = K;. (244)

second, the dissociation of a molecule of sodium acetate,

Vq
= 0, Vl = 0, V.2

= -
1, l^J

= 0, 1/4
= 1, I'.-.

= I5

whence, for equilibrium,

-
log C2 + log C4 + log C5 = log K', or i - = K',

or ^ii^= /^-^^ ^ = K\ . . . (245)

The quantities K and K' are the same as those in (241)

and (242). They depend, besides on 6 and jh only on the

nature of the reaction, and not on the concentrations, nor

on other possible reactions. By the conditions of equilibrium

(244) and (245), together with the four equations (243), the

values of the six quantities Wq, ni, . • . wg ^^^ uniquely
s
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determined, if the original solutions and also the number of

molecules Wp, wi, . . . and
»„', n/ . . . be given.

§ 276. The condition that the two solutions should be

isohydric, i.e. that their degree of dissociation should remain

unchanged on mixing them, is evidently expressed by the

two equations

ill
= ui, and n^ = iii,

i.e. the number of undissociated molecules of both acetic

acid and sodium acetate must be the same in the original

solutions as in the mixture. It immediately follows, by

(243), that

//g
=

n-2, Hi = n^, 7I5
= n-2 + n-J.

These values, substituted in (244) and (245), and combined

with (241) and (242), give

n^{ri2jj-jh) _ \r - ^^

ni{nQ + Hq)
~ ~

ni n^

n-ljih + t^) _ -rr, _ n^'^

whence the single condition of isohydric solutions is

or, the two solutions are isohydric if the concentration of

the common ion CH3COO is the same in both. This pro-

position was enunciated by Arrhenius, who verified it by
numerous experiments. In all cases where this condition

is not realized, chemical changes must take place on mixing
the solutions, either dissociation or association. The direc-

tion and amount of these changes may be estimated by ima-

gining the dissolved substances separate, and the entire solvent

distributed over the two so as to form isohydric solutions.
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If, for instauce, both solutions are originally normal (I gram
molecule in 1 litre of solution), they will not be isohydric,
since sodium acetate in normal solution is more strongly

dissociated, and has, therefore, a greater concentration of

CHs.COO-ions, than acetic acid. In order to distribute the

solvent so that the concentration of the common ion

CH3.COO may be the same in both solutions, some water

must be withdrawn from the less dissociated electrolyte

(acetic acid), and added to the more strongly dissociated

(Na-acetate). For, though it is true that with decreasing
dilution the dissociation of the acid becomes less, the con-

centration of free ions increases, as (262) shows, because the

ions are now compressed into a smaller quantity of water.

Conversely, the dissociation of the sodium acetate increases

on the addition of water, but the concentration of the free

ions decreases, because they are distributed over a larger

quantity of water. In this way the concentration of the

common ion CH3.COO may be made the same in both

solutions, and then their degree of dissociation will not be

changed by mixing. This is also the state ultimately
reached by the two normal solutions, when mixed. It

follows, then, that when two equally diluted solutions of

binary electrolytes are mixed, the dissociation of the more

weakly dissociated recedes, while that of the more strongly
dissociated increases still further.

§ 277. Three Independent Constituents in Two
Phases.—We shall first discuss the simple case, where the

second phase contains only one constituent in appreciable

quantity. A solution of an almost insoluble salt in a liquid,

to which a small quantity of a third substance has been

added, forms an example of this case. Let us consider an

aqueous solution of silver bromate and silver nitrate. This

two-phase system is represented by

yioHaO, «iAgBrOs, UgAgNOg, WgAg, ;i4Br03,^t5N03 | <AgBrOg.
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The conceutrations are

_ S _ '^'1 _ i_^
' _ !!o' _ 1

""""»,'
^'~ „' '"'

~
«

' •••' ''•' ~<~ '

where // = n^ + ;/i 4- "2 + "-3 + Wi + "5 (nearly = Xf).

Of the possible reactions,

Vq '. vi : v-2 '. V3 '. I'i : V.J : vj
=

tu^ : 6ni : 6'^2 • ^% • o'*4 • 0^5 : cUq ,

we shall first consider the passage of one molecule of

AgBrOa from the solution, viz.

v^^
= 0, I'l

= —
\, V) = 0, . . . v^ = 1.

The condition of equilibrium is, therefore,

-
log ci + log c;

= log K

or ci = g (246)

The concentration of the undissociated molecules of silver

bromate in the saturated solution depends entirely on the

temperature and the pressure.

We may now consider the dissociation of a molecule of

AgBrOg into its two ions.

!'„
= 0, I'l

= -
1, V-i

= 0, 1'3
= 1, Vi = 1, V5 = 0, Vq

= 0,

and, therefore,

-
log Ci + log ^3 + log Ci = log K',

C3C4 _ ,,,

or, by (246), c,Ci=j^, (247)

+ -
^

i.e. the product of the concentrations of the Ag and BrOg
ions depends only on temperature and pressure. The con-

+
centration of the Ag-ions is inversely proportional to the
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concentration of the BrOg-ions. Since the addition of silver
+

nitrate increases the number of the Ag-ions, it diminishes

the number of the BrOa-ions, and thereby the solubility of

the bromate, which is evidently measured by the sum Ci + c^.

We shall, finally, consider the dissociation of a molecule
of AgNOs into its ions.

>'0
= 0, I'l

= 0, 1/2
= -

1, 1-3
= 1, 1-4

= 0, ir-,
= 1, „^'

= 0,

whence, by ('^^18),

^' = K" (248)

To equations (246), (247), and (248), must be added, as a

fourth, the condition

and, as a fifth, the value of Ci + C5, given by the quantity of

the nitrate added, so that the five unknown quantities, Ci, c.^,

<h, <^h ^5, are uniquely determined.

The theory of such influences on solubility was first

established by Nernst, and has been experimentally verified

by him, and more recently by Noyes.

§ 278. The more general case, where each of the two

phases contains all three constituents, is realized in the

distribution of a salt between two solvents, which are them-

selves soluble to a small extent in one another (e.g. water

and ether). The equilibrium is completely determined by
a combination of the conditions holding for the transition of

molecules from one phase to another with those holding for

the chemical reactions of the molecules within one and the

same phase. The former set of conditions may be summed

up in Nernst's law of distribution (§ 274). It assigns to

each kind of molecule in the two phases a constant ratio of

distribution, which is independent of the presence of other

dissolved molecules. The second set is the conditions of
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the coexistence of three independent constituents in one

phase (§ 275), to which must be added Arrhenius' theory of

isohydric solutions.

§ 279. The same method applies to four or more inde-

pendent constituents combined into one or several phases.
The notation of the system is given in each case by (216),

and any possible reaction of the system may be reduced to

the form (217), which corresponds to the condition of equili-

brium (218). All the conditions of equilibrium, together
with the given conditions of the system, give the number of

equations which the phase rule prescribes for the determi-

nation of the state of equilibrium.
When chemical interchanges between the different sub-

stances in solution are possible, as, e.g.,
in a solution of dis-

sociating salts and acids with common ions, the term degree

of dissociation has no meaning, for the ions may be combined

arbitrarily into dissociated molecules. For instance, in the

solution

+ +

«.„ HgO, wi NaCl, »^2 KCl, n^ NaNOa, n^ KNO3, % Na, n^ K,

m CI, ns NO:,

we cannot tell which of the Na-ions should be regarded as

belonging to NaCl, and which to NaNOa. In such cases

the only course is to characterize the state by the concen-

trations of the dissolved molecules.

The above system consists of water and four salts, but,

besides the solvent, only three are independent constituents,

for the quantities of the Na, the K, and the CI determine

that of the NO3. Accordingly, by § 204 (a
= 4, /3

=
1) all

the concentrations are completely determined at given

temperature and pressure by three of them. This is inde-

pendent of other kinds of molecules, and other reactions,

which, as is likely, may have to be considered in establishing

the conditions of equilibrium.

§ 280. If in a system of any number of independent
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constituents in any number of phases, the condition of

equilibrium (218) is not satisfied, i.e. if for any virtual

isothermal-isopiestic change

^vo log C(, + vx log ci + V2 log C2 + . . . J log K,

then the direction of the change which will actually take

place in nature is given by the condition d>V > (§ 147).
If we now denote by Vq, vi, vg . . ., simple whole numbers,
which are not only proportional to, but also of the same

sign as the actual changes which take place, then we have,

by (215),

^1^0 log Co + VI log ci 4- V2 log C2 + . . . < log K,

for the direction of any actual isothermal isopiestic change,
whether it be a chemical change inside any single phase, or

the passage of molecules between the different phases. The
constant K is defined by (218).

To find the connection between the difference of the

expressions on the right and left and the time of the reaction

is immediately suggested, and, in fact, a general law for the

velocity of an irreversible isothermal isopiestic process may
be thus deduced. We shall not, however, enter further into

these considerations in this book.
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troduction, 77 ; proof, 86 ; possible

limitations, 103; deductions, 105;
test of, 147, 148

Semipermeable membranes, 29, 203

Silbermann, 74

Silver acetate, 244 ; bromate, 259
;

nitrate, 244, 259

Singular values, 37

Sodium carbonate, 73 ; hydrate, 73

Solidification, heat of, 201 ; pressure,
20

Solution, heat of, 190 ; isohydric, 258

Solutions, dilute, 223-2G3

Solvent, 196

Sound, velocity of, 61

Specific density, 7

Specific entropy, 119

Specific heat, 33
;
at constant pressure,

56, 59, 120
;

at constant volume,

56, 59, 120 ; influence of tem-

perature on, at constant pressure,

123; of saturated vapour, 150; of

steam, 148

Specific heats, difiPerence of. 121 ;

ratio of, 59, 122

Spring, 20

States of aggregation, 69, 132 : co-

existence of, 153

Stohmann, 71

Sublimation, curve, 158, 161 ; theory

of, 135

Substance, isomorphous, 182

Succinic acid, 243

Sulphur, 31 ; dioxide and water

equilibrium, 180

Sulphuric acid, dissociation of, 238

Surface, developable, 164

System, condensed, 181
; divariant,

181; gaseous, 207-222; hetero-

geneous, 180; homogeneous, 119-

131 ; non-variant, 179 ; perfect, 44 :

univariant, 180

Temperature, absolute, 6 ; critical,

17, 152; critical solution, 182;

definition of, 2, 3 ; fundamental,

154; fundamental, of ice, 154

Thallium chlorate, 182

Theoretical regions, 19

Thermal equilibrium, 2

Thermochemical symbols, 68

Thermodynamic potential, 115

Thermodynamical theory of dilute

solutions, 222 ;
of fusion, vaporiza-

tion, and sublimation, 135

Thermometer, gas, 3

Thiesen, 140

Thomsen, J., 68, 73, 235

Thomson, 36, 87, 146. See Joule and

Thomson

Transformability of heat into work, 80

Triangle, fundamental, 159

Triple point, 155, 180
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Uuit of heat, 32

Univariaat system, 180

V

Van der Waals' constants for CO^, 14
;

equation, 13

Van't Hoff's laws, 255

Vaporization curve. 158, 161 ; theory

of, 135

Vapour densities, abnormal, 30

Vapour pressure, lowering of, 199

Variable, internal and external, 178

W
Warburg, 122

Water, dissociation of, 231

Weights molecular and equivalent!

22, 23

Work, and heat, analogy between, 53 ;

external, in reversible process, 51
;

maximum, 111

Wullner's law. 199

Zero calorie, 33 ; energy, 44 ; state, 92
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Alfred Lodge, M.A., late Fereday Fellow of St. John's College, Oxford;
Professor of Pure Mathematics at the Royal Indian Engineering College,
Coof)er*s Hill. With Answers. Crown Bvo., 45. 6d.

LONGMANS' SCHOOL MENSURATION. By Alfred J-
Pearcf, B.A. (Inter.), Hons. Matric. (London). With numerous Diagrams.
Crown 8vo. With or without Answers, 2s, 6d,
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LONGMANS' JUNIOR SCHOOL MENSURATION. To meet
the Requirements of the Oxford and Cambridge Junior Local Examinations,
the College of Preceptors, etc. By W. S. Beard, F.R.G.S., Head Master of
Fareham Modern School. With Answers to Exercises and Examination Papers.
Crown 8vo. , \s.

LUPTON.—K PRACTICAL TREATISE ON MINE SURVEY-
ING. By Arnold Lupton, Mining Engineer, Certificated Colliery Manager,
Surveyor, Member of the Institution of Civil Engineers, etc. With 216 Illus-

trations. Medium 8vo. , i2j. net.

iV^^^/7:—PRACTICAL MENSURATION. By A. Nesbit.
Illustrated by 700 Practical Examples and 700 Woodcuts. i2mo., y. td.

Key, y.

^J/77W;—CIRCULAR SLIDE RULE. By G. L. Smith.
Fqj. 8vo,, IS. net.

ALGEBRA, ETC.
*,* For other Books, see Longmans 6» Co.'s Catalogue of Educational and School Books.

ANNALS OF MATHEMATICS. {Published under the
Auspices of Harvard University.) Issued Quarterly. 4to., ar. net.

CONSTABLE and JZ/ZZ^^.—ELEMENTARY ALGEBRA UP
TO AND INCLUDING QUADRATIC EQUATIONS. By W. G. Con-
stable, B.Sc, B.A., and J. Mills, B.A. Crown Bvo., 25. With Answers,
2.S. 6d.

Also in Three Parts. Crown 8vo., cloth, limp, qd. each. Answers. Three
Parts. Crown 8vo., paper covers, 6d. each.

CPACKNELL.—VRKCTICKL MATHEMATICS. By A. G.
Cracknell, M.A., B.Sc., Sixth Wrangler, etc. With Answers to the

Examples. Crown Bvo., 3^. €>d.

LONGMANS' JUNIOR SCHOOL ALGEBRA. By William S.

Beard, F.R.G.S., Head Master of the Modem School, Fareham. Crown 8vo.,

15. 6d. With Answers, 2s.

MELLOE.—aiGYi^K MATHEMATICS FOR STUDENTS
OF CHEMISTRY AND PHYSICS. With special reference to Practical

Work. By J. W. Mellor, D.Sc., Research Fellow, The Owens College,
Manchester. With 142 Diagrams. 8vo. , \2s. 6d. net.

SMITH.—Works by J. HAMBLIN SMITH, M.A.

ELEMENTARY ALGEBRA. New Edition, with a large num
ber of Additional Exercises. With or without Answers. Crown Bvo. , y. 6d.

Answers separately, 6d. Key, Crown 8vo., 95.

*»* The Original Edition of this Book is still on Sale, price 2S. 6d.

EXERCISES IN ALGEBRA. With Answers. Fcap. 8vo.,
2s. 6d. Copies may be had without the Answers.

WELSFORD AND MA F6>.—ELEMENTARY ALGEBRA. By
J. W. Welsford, M.A., formerly Fellow of Gonville and Calus College,

Cambridge, and C. H. P. Mayo, M.A., formerly Scholar of St. Peter's College,

Cambridge ;
Assistant Masters at Harrow School. Crown Bvo., -y. 6d., or

with Answers, 4J. 6d.
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BARKER. — (^-^KVYilCKL CALCULUS. By Arthur H.
Barker, B.A., B.Sc. With an Introduction by John Goodman, A.M.I.C.E.
With 6i Diagrams. Crown Bvo. , 4J. bd.

MURRAY.—^ox\% by DANIEL ALEXANDER MURRAY,
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AN INTRODUCTORY COURSE IN DIFFERENTIAL
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ODEA.—K^ ELEMENTARY TREATISE ON LOGAR-
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By James J. O'Dea, M.A. Crown Bvo., 2s.

TMZ.^:.—PRINCIPLES OF THE DIFFERENTIAL AND
INTEGRAL CALCULUS. By Thomas Tate. i2mo., 4?. bd.

TA YLOR.—\NorV% by F. GLANVILLE TAYLOR.
AN INTRODUCTION TO THE DIFFERENTIAL AND
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AN INTRODUCTION TO THE PRACTICAL USE OF
LOGARITHMS, WITH EXAMPLES IN MENSURATION. With
Answers to Exercises. Crown Bvo., i.?. bd.

WILLLAMSON.—\Works by BENJAMIN WILLIAMSON, D.Sc

AN ELEMENTARY TREATISE ON THE DIFFERENTIAL
CALCULUS; containing the Theory of Plane Curves with numerous
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AN ELEMENTARY TREATISE ON THE INTEGRAL

\ CALCULUS; containing Applications to Plane Cur\'es and Surfaces, and
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Scientific Works published by Longmans, Green, dr* Co.
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ALLMAJV.— GREEK GEOMETRY FROM THALES TO
EUCLID. By G. J. Allman. 8vo., lof 6d.

BAJ^J^£:LL.—ELEMENTARY GEOMETRY. By Frank R.
Barrell, M.A., B.Sc, Professor of Mathematics, University College, Bristol.

Section I. Part I.
, being the subject-matter of Euclid, Book I. Crown 8vo.
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i.f.
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Book IV. 4-9. Crown 8vo. ,
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Section I. complete. Crown 8vo. , 2s.
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Sections I. and II. in one volume. Crown 8vo., y. 6d.
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8vo., ij'. 6d.

Sections I., II. and III. complete in one volume. Crown 8vo., 4^. 6d.

CASEY.—Works by JOHN CASEY, LL.D., F.R.S.

THE ELEMENTS OF EUCLID, BOOKS L-VL and Pro-
positions, I.-XXI. of Book XL, and an Appendix of the Cylinder, Sphere,
Cone, etc. With Copious Annotations and numerous Exercises. Fop. 8vo.,

4s. 6d. Key to Exercises. Fcp. 8vo. , 6s.

A SEQUEL TO THE ELEMENTS OF EUCLID. Part I.

Books I. -VI. With numerous Examples. Fcp. 8vo., y. 6d.

A TREATISE ON THE ANALYTICAL GEOMETRY OF
THE POINT, LINE, CIRCLE AND CONIC SECTIONS. Containing
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HAMILTON.—ELEMENTS OF QUATERNIONS. By the
late Sir William Rowan Hamilton, LL.D., M.R.I.A. Edited by Charles
Jasper JOLY.M. A., Fellow ofTrinity College, Dublin. 2 vols. 4to. 21j.net each,
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1. LONGMANS' ENGLISH AND METRIC RULER. Marked on one edge
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fB i 60*^^4" each i/- net.
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GEOMETRY AND ^\3Q\Al>—Continued.

ZC>^.—TEXT-BOOK ON PRACTICAL, SOLID, AND DE-
SCRIPTIVE GEOMETRY. By David Allan Low, Professor of Engineer-
ing, East London Technical College. Crown 8vo.

Part I. With 114 Figures, 25. Part II. With 64 Figures, y.
THE DIAGRAM MEASURER. An Instrument for measuring

the Areas of Irregular Figures and specially useful for determining the Mean
Effective Pressure from Indicator Diagrams from Steam, Gas and other

Engines. Designed by D. h.. Low. With Full Instructions for Use. is. net.

MORRIS AND HUSBAND.—V^ACTICAI. PLANE AND
SOLID GEOMETRY. By I. Hammond Morris and Joseph Husband.
Fully Illustrated with Drawings. Crown 8vo., 2s. 6d.

J/(9^^ZS.—GEOMETRICAL DRAWING FOR ART STU
DENTS. Embracing Plane Geometry and its Applications, the Use of Scales,
and the Plans and Elevations of Solids as required in Section I. of Science

Subjects. By I. Hammond Morris. Crown 8vo. , zj.

6"J//7:/y.—ELEMENTS OF GEOMETRY. By J. Hamblin
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Euclid, with Exercises and Notes. Cr. Bvo., y. 6d. Key, crown 8vo., 8^. 6d.
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SFOONER.—TYl^ ELEMENTS OF GEOMETRICAL DRAW-
ING : an Elementary Text-book on Practical Plane Geometry, including an
Introduction to Solid Geometry. Written to include the requirements of the
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Students preparing for the Military Entrance Examinations. By Henry J.

Spooner, C.E., M.Inst.M.E. Crown 8vo., 3.^.
M.

PfYZ5(9iV:—GEOMETRICAL DRAWING. For the use of
Candidates for Army Examinations, and as an Introduction to Mechanical

Drawing. By W. N. Wilson, M.A. Parts I. and II. Crown 8vo., 45. 6^. each

^/A^r^i^.— ELEMENTARY GEOMETRICAL DRAWING.
ByS. H. Winter. Part 1. Including Practical Plane Geometry, the Construc-
tion of Scales, the Use of the Sector, the Marquois Scales, and the Protractor.

With 3 Plates and 1000 Exercises and Examination Pap>ers. Post 8vo., 5^.

OPTICS, PHOTOGRAPHY, ETC.
^^iVZ'K—A TREATISE ON PHOTOGRAPHY. BySirWilliam

DE Wiveleslie Abney, K.C.B., F.R.S., Principal Assistant Secretary of the

Secondary Department of the Board of Mucation. With 134 Illustrations.

Fcp. 8vo., 5^.

DRUDE.—TYi'E THEORY OF OPTICS. By Paul Drude,
Professor of Physics at the University of Giessen. Translated from the German
by C. RiBORG M.\NN and Robert A. Millikan, Assistant Professors of

Physics at the University of Chicago. With no Diagrams. 8vo., 15s. net.

GLAZEBROOK.—?liY?>lCKL OPTICS. By R. T. Glaze-
brook, M.A. , F.R.S., Principal of University College, LiverpooL With 183
Woodcuts of Apparatus, etc. Fcp. 8vo. , 65.

VANDERPOEL.—COl^O^ PROBLEMS: a Practical Manual
for the Lay Student of Color. By Emily Noyes Vanderpoel. With 117
Plates in Color. Square 8vo. , 21J. net.

IVRIGJIT.—OVTlCAh PROJECTION : a Treatise on the Use
of the Lantern in Exhibition and Scientific Demonstration. By Lewis Wright,
Author of

'

Light : a Course of Experimental Optics '. With 233 Illustrations

Crown 8vo., 6s.
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TRIGONOMETRY.
CASEY.— A TREATISE ON ELEMENTARY TRIGONO-

METRY. By John Casey, LL. D.
,
F. R. S. , late Fellow of the Royal University

of Ireland. With numerous Examples and Questions for Examination. i2mo. , y.

GOODfVIN.—FLANE AND SPHERICAL TRIGONOMETRY.
By H. B. Goodwin, M.A. In Three Parts, comprising those portions of the

subjects, theoretical and practical, which are required in the Final Examina-
tion for Rank of Lieutenant at Greenwich. 8vo. , 8s. dd.

/6>iV^5.—THE BEGINNINGS OF TRIGONOMETRY. By
A. Clement Jones, M.A., Ph.D., late Open Scholar and Senior Hulme
Exhibitioner of Brasenose College, Oxford ; Senior Mathematical Master of
Bradford Grammar School. Crown 8vo., 2i-.

5M/J^.—ELEMENTARY TRIGONOMETRY. By J. Hamblin
Smith, M.A. Crown 8vo., \s. 6d. Key, js. 6d.

SOUND, LIGHT, HEAT, AND THERMODYNAMICS.
Z>£:X7:£:^.—ELEMENTARY PRACTICAL SOUND, LIGHT

AND HEAT. By Joseph S. Dexter, B.Sc. (Lond.), Physics Master,
Technical Day School, The Polytechnic Institute, Regent Street. With 152
Illustrations. Crown Svo., 2s. dd.

EMTAGE.—LIGHT. By W. T. A. Emtage, M.A., Director of
Public Instruction, Mauritius. With 232 Illustrations. Crown Svo., 6s.

HELMHOLTZ.—0^ THE SENSATIONS OF TONE AS A
PHYSIOLOGICAL BASIS FOR THE THEORY OF MUSIC. By Her-
mann von Helmholtz. Royal Svo. , 285.

il/:^ A'^^ZZ.—THEORY OF HEAT. By J. Clerk Maxwell,
M.A., F.R.SS., L. and E. With Corrections and Additions by Lord Ray
LEIGH. With 38 Illustrations. Fcp. 8vo., 4J. 6d.

ZZ^tVC^.—TREATISE ON THERMODYNAMICS. By Dr.
Max Planck, Professor of Theoretical Physics in the University of Berlin.

Translated, with the Author's sanction, by Alexander Ogg, M.A., B.Sc.,

Ph.D. , late 1851 Exhibition Scholar, Aberdeen University; Assistant Master,

Royal Naval Engineering College, Devonport. Svo. , 75. 6d. net.

SMITH.—THY. STUDY OF HEAT. By J. Hamblin Smith,
M.A., of Gonville and Caius College, Cambridge. Crovra Svo., y.

TYNBALL.—Works by JOHN TYNDALL, D.C.L., F.R.S.

See p. 36.

WORMELL.—A CLASS-BOOK OF THERMODYNAMICS.
By Richard Wormell, B.Sc., M.A. Fcp. Svo., \s. 6d.

WRIGHT.—SNorks by MARK R. WRIGHT, M.A.

SOUND, LIGHT, AND HEAT. With 160 Diagrams and
Illustrations. Crown Svo. ,

2s. 6d.

ADVANCED HEAT. With 136 Diagrams and numerous
Examples and Examination Papers. Crown Svo.

, 4s. 6d.
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ARCHITECTURE, BUILDING CONSTRUCTION, ETC.

ADVANCED BUILDING CONSTRUCTION. By the Author
of '

Rivingtons' Notes on Building Construction '. With 385 Illustrations.

Crown 8vo. , 4J. 6d.

^^iWV;—STYLE IN FURNITURE. By R. Davis Benn.
With 102 Plates by W. C. Baldock. 8vo., 215. net.

^(9C^^^.—ELEMENTARY PRACTICAL BUILDING CON-
STRUCTION. By F, W. Booker. With Illustrations. Crown 8vo., 2s. 6d.

B UJiJ^EZZ.—BUILDING CONSTRUCTION. By Edward J.
BuRRELL, Second Master of the People's Palace Technical School, London.
With 303 Working Drawings. Crown 8vo. , 25. 6d.

GJVIZT.—AN ENCYCLOPEDIA OF ARCHITECTURE.
By Joseph Gwilt, F.S.A. Revised {1888), with Alterations and Considerable
Additions by Wyatt Papworth. With 1700 Engravings. 8vo., 21s. net.

HAMLIN.—K TEXT-BOOK OF THE HISTORY OF ARCHI-
TECTURE. By A. D. F. Hamlin, A.M. With 229 Illustrations. Crown
Bvo., "js. dd.

PARKER AND 67Vfr/iV:—THE ART OF BUILDING A
HOME : A Collection of Lectures and Illustrations. By Barry Parker and
Raymond Unwin. With 68 Full-page Plates. 8vo., \os. 6d. net.

RICHARDS.—BKICK.LAYING AND BRICKCUTTING. By
H. W. Richards, Examiner in Brickwork and Masonry to the City and Guilds
of London Institute, Head of Building Trades Department, Northern Poly-
technic Institute, London, N. With over 200 Illustrations. 8vo., 3^. 6d.

ROIVE.—THE LIGHTING OF SCHOOLROOMS: a Manual
for School Boards, Architects, Superintendents and Teachers. By Stuart H.
Rowe, Ph.D. With 32 Illustrations. Crown 8vo., 3.?. 6d. net.

SEBDON.—BUILDER'S WORK AND THE BUILDING
TRADES. By Col. H. C. Seddon, R.E. With numerous Illustrations.

Medium 8vo. , 16s.

THOMAS.—THE VENTILATION, HEATING AND
MANAGEMENT OF CHURCHES AND PUBLIC BUILDINGS. By
J. W. Thomas, F.I.C, F.C.S. With 25 Illustrations. Crown 8vo., 2j. 6d.

FALDER.—BOOK OF TABLES, giving the Cubic Contents of
from One to Thirty Pieces Deals, Battens and Scantlings of the Sizes usually
imported or used in the Building Trades, together with an Appendix showing a
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aforesaid Tables. By Thomas Valder. Oblong 4to., 6^. net.

RIVINGTONS' COURSE OF BUILDING CONSTRUCTION.

NOTES ON BUILDING CONSTRUCTION. Medium 8vo.

Part I. With 695 Illustrations, 105. 6d. net.

Part II. With 496 Illustrations, los. 6d. net.

Part III. Materials. With 188 Illustrations, 185. net.

Part IV. Calculations for Building Structures. With 551
Illustrations, ly. net.
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STEAM, OIL, AND GAS ENGINES.
BALE.—A HAND-BOOK FOR STEAM USERS; being Rules

for Engine Drivers and Boiler Attendants, with Notes on Steam Engine and
Boiler Management and Steam Boiler Explosions. By M. Powis Bale,
M.I.M.E., A.M.I.C.E. Fcp. 8vo., as. 6d.

CLERK.—TH^ gas and OIL ENGINE. By Dugald
Clerk, Member of the Institution of Civil Engineers, Fellow of the Chemical

Society, Member of the Royal Institution, Fellow of the Institute of Patent

Agents. With 228 Illustrations. Bvo., ly,

DIPLOCK.—K NEW SYSTEM OF HEAVY GOODS TRANS-
PORT ON COMMON ROADS. By Bramah Joseph Diplock. With 27
Illustrations and Diagrams. Medium 8vo. ,

ds. 6d. net.

ELETCIfER. — ENGLISH AND AMERICAN STEAM
CARRIAGES AND TRACTION ENGINES. By William Fletcher.
M.Inst. Mech.E. With 250 Illustrations. Bvo.

, 155. net.

ffOLMES.—THE STEAM ENGINE. By George C. V.
Holmes, C.B., Chairman of the Board of Works, Dublin. With 212 Illustra-

tions. Fcp. Bvo., 65.

LOfV.—THE DIAGRAM MEASURER. An Instrument for

measuring the Areas of Irregular Figures and specially useful for determining the

Mean Effective Pressure from Indicator Diagrams from Steam, Gas and other

Engines. Desig[ned by D. A. Low^, Professor of Engfineering, East London
Technical College, London. With Full Instructions for Use. is. net.

JVEILSOJV.—THE STEAM TURBINE. By Robert M.
Neilson, Associate Member of the Institute of Mechanical Engineers, etc.

With 28 Plates and 212 Illustrations in the Text. Bvo., los. 6d. net.

NORRIS.—A PRACTICAL TREATISE ON THE 'OTTO'
CYCLE GAS ENGINE. By William Norris, M.I. Mech.E. With 207
Illustrations. Bvo.. los. 6td.

PARSONS.—STEAU BOILERS: THEIR THEORY AND
DESIGN. By H. DE B. Parsons, B.S., M.E., Consulting Engineer;
Member of the American Society of Mechanical Engineers, American Society

o( Civil Engineers, etc. ; Professor of Steam Engineering, Rensselaer Poly
technic Institute. With 170 Illustrations. 8vo., 10s. 6d. net.

R/FRER.—WoTks by WILLIAM RIPPER, Professor of Engineer-

ing in the Technical Department of University College, Sheffield.

STEAM. With 185 Illustrations. Crown 8vo., 2s. 6d.

STEAM ENGINE THEORY AND PRACTICE. With 441
Illustrations. Bvo., 9^.

SENATETT AND ORAM.—THE MARINE STEAM ENGINE:
A Treatise for Engineering Students, Young Engineers and Officers of the

Royal Navy and Mercantile Marine. By the late Richard Sennktt,

Engineer-in-Chief of the Navy, etc. ; and Henry J. Oram, Deputy Engineer-
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414 Diagrams. Bvo., 21s.

STROMEVER.—MARINE BOILER MANAGEMENT AND
CONSTRUCTION. Being a Treatise on Boiler Troubles and Repairs,

Corrosion, Fuels, and Heat, on the properties of Iron and Steel, on Boiler

Mechanics, Workshop Practices, and Boiler Design. By C. E. Stromeykr,
Chief Engineer of the Manchester Steam Users' Association, Member of

Council of the Institution of Naval Architects, etc. With 452 Diagrams, etc.

Bvo., I2S. net.
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ELECTRICITY AND MAGNETISM.
ARRHENIUS.—K TEXT-BOOK OF ELECTROCHEMIS-

TRY. By SvANTE Arrhenius, Professor at the University of Stockholm.
Translated from the German Edition by John McCrae, Ph.D. With 58
Illustrations. 8vo. , qj. 6d. net.

C^J?Z7^-^/Z^C>iV:—ELECTRO-DYNAMICS : the Direct-

Current Motor. By Charles Ashley Carus-Wilson, M.A. Cantab. With

71 Diagrams, and a Series of Problems, with Answers. Crown Svo., 75. 6d.

C^7il/J//iVG^.—ELECTRICITY TREATED EXPERIMEN-
TALLY. By LiNN^USCUMMiNG, M.A. With 242 Illustrations. Cr. Svo. , 4J. 6<f.

GORE.—^YLY. ART OF ELECTRO-METALLURGY, including
all known Processes of Electro-Deposition. By G. Gore, LL.D., F.R.S. With

56 Illustrations. Fcp. Svo., 65.

^^iVZ»^^^C>7V:—WorksbyJOHNHENDERSON,D.Sc.,F.R.S.E.
PRACTICAL ELECTRICITY AND MAGNETISM. With

I S7 Illustrations and Diagrams. Crown Svo.
, -js. 6d.

PRELIMINARY PRACTICAL MAGNETISM AND ELEC-
TRICITY. Crown Svo., 15.

HIBBERT. — MAGNETISM AND ITS ELEMENTARY
MEASUREMENT. By W. Hibbert, F.I.C, A.M.I.E.E. With 55

Diagrams, Crown Svo., o.s.

/.SiV^/iV:—ELECTRICITY AND MAGNETISM. By Fleeming
Jenkin, F.R.S., M.I.C.E. With 177 Illustrations. Fcp. Svo., y. 6d.

JOUBERT.—^UEMEisTK^Y TREATISE ON ELECTRICITY
AND MAGNETISM. By G. Carey Foster, F.R.S. ;

and Alfred W.
Porter, B.Sc. Founded on Joubert's 'Traits E16mentair6 d'Electricit^ '.

With 374 Illustrations and Diagrams. Svo. , 10s. 6d. net.

/(9 FC^.—EXAMPLES IN ELECTRICAL ENGINEERING.
By Samuel Joyce, A.I.E.E. Crown Svo., 5^.

MERR/EIELD.—MAGNETISM AND DEVIATION OF THE
COMPASS. By John Merrifield, LL.D., F.R.A.S., iSmo.. 2s. 6d.

PARR.—FRACTICAh ELECTRICAL TESTING IN PHYSICS
AND ELECTRICAL ENGINEERING. By G. D. Aspinall Parr, Assoc.

M.I.E.E. With 231 Illustrations. Svo., 8s. 6d.

POVSER.—Works by A. W. POYSER, M.A.
MAGNETISM AND ELECTRICITY. With 235 Illustrations.

Crown Svo., 2s. 6d.

ADVANCED ELECTRICITY AND MAGNETISM. With
317 Illustrations. Crown Svo.

, 4J. 6d.

RHODES.—AN ELEMENTARY TREATISE ON ALTER-
NATING CURRENTS. By W. G. Rhodes, M.Sc. (Vict.), Consulting

Engineer. With So Diagrams. Svo., 75. 6d. net.

SLINGO AND BROOKER.—\Nor\is by W. SLINGO and A.

BROOKER.
ELECTRICAL ENGINEERING FOR ELECTRIC LIGHT

ARTISANS AND STUDENTS. With 383 Illustrations. Crown Svo. , I2J.

PROBLEMS AND SOLUTIONS IN ELEMENTARY
ELECTRICITY AND MAGNETISM. With 98 Illustrations. Cr. Svo.

,
2s.

rF^Z>^ZZ.—Works byJOHN TYNDALL,D.C.L.,F.R.S. See p.36.
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TELEGRAPHY AND THE TELEPHONE.
/y(9/'AYiV5. — TELEPHONE LINES AND THEIR PRO-

PERTIES. By WiLLi.-VM J. Hopkins, Professor of Physics in the Drexel
Institute, Philadelphia. Crown 8vo., 6s.

PREECE AND ^/r^W^^/G^y^r.-TELEGRAPHY. By Sir W.
H. Preece, K.C.B., F.R.S., V.P.Inst., C.E., etc., Consulting Engineer and
Electrician, Post Office Telegraphs ;

and Sir J.Sivewright, K.C.M.G., General
Manager, South African Telegraphs. With 267 Illustrations. Fcp. 8vo., 6^.

ENGINEERING, STRENGTH OF MATERIALS. ETC.
ANDERSON.—TYiY. STRENGTH OF MATERIALS AND

STRUCTURES : the Strength of Materials as depending on their Quality and
as ascertained by Testing Apparatus. By Sir J. Anderson, C.E., LL.D. ,

F.R.S.E. With 66 Illustrations. Fcp. 8vo., -y. 6d.

BARRY.—RAILWAY APPLIANCES: a Description of Details
of Railway Construction subsequent to the completion of the Earthworks and
Structures. By Sir John Wolfe Barry, K.C.B., F.R.S., M.I.C.E. With
218 Illustrations. Fcp. 8vo., 45. 6d.

DIPLOCK.—A NEW SYSTEM OF HEAVY GOODS TRANS-
PORT ON COMMON RO.\DS. By Braham Joseph Diplock. With
27 Illustrations. 8vo. , 6j. (3d. net.

GOODMAN.—W^C^A^IC^ APPLIED TO ENGINEERING.
By John Goodman, Wh.Sch., M.I.C.E., M.I.M.E., Professor of Engineering
in the University of Leeds. With 714 Illustrations and numerous Examples.
Crown 8vo.

, qs. net.

LOW. — A POCKET-BOOK FOR MECHANICAL EN-
GINEERS. By David Allan Low (Whitworth Scholar), M.I.Mech.E.,
Professor of Engineering, East London Technical College (People's Palace),
London. With over 1000 specially prepared Illustrations. Fcp. 8vo. , gilt edges,
rounded corners, js. 64.

FARKINSON.-IAGWV RAILWAY CONSTRUCTION. By
Richard Marion Parkinson, AssocM.Inst.CE. With 85 Diagrams.
8vo. , 10s. 6d. net.

5J//7W:—GRAPHICS, or the Art of Calculation by Drawing
Lines, applied especially to Mechanical Engineering. By Robert H. Smith,
Professor of Engineering, Mason College, Birmingham. Part I. With

separate Atlas of 29 Plates containing 97 Diagrams. 8vo., 15^.

STONE Y.—TWE. THEORY OF STRESSES IN GIRDERS
AND SIMILAR STRUCTURES; with Practical Observations on the

Strength and other Properties of Materials. By Bindon B. Stoney, LL.D.,

F.R.S., M.I.C.E. With 5 Plates and 143 Illust. in the Text. Royal 8vo., 36^.

UNWIN.—TllE TESTING OF MATERIALS OF CONSTRUC-
TION. A Text-book for the Engineering Laboratory and a Collection of the

Resuhs of Experiment. By W. Cawthorne Unwin, F.R.S., B.Sc. With 5

Plates and 188 Illustrations and Diagrams. 8vo., 165-. net.

Ji^^^i?^7Y.—ENGINEERING CONSTRUCTION IN IRON,
STEEL, AND TIMBER. By William Henry Warren, Chalhs Professor

of Civil and Mechanical Engineering, University of Sydney. With 13 Folding

Plates and 375 Diagrams. Royal 8vo. , i6f. net.

WHEELER.—THE SEA COAST: Destruction, Littoral Drift,

Protection. By W. H. Wheeler, M.Inst. C.E. With 38 Illustrations and

Diagram. Medium 8vo., los. 6d, net.
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LONGMANS' CIVIL ENGINEERING SERIES.
CIVIL ENGINEERING AS APPLIED TO CONSTRUCTION.

By Leveson Francis Vernon-Harcourt, M.A., M.Inst.C.E. With 368
Illustrations. Medium 8vo., 14s. net.

Contents.—Materials, Preliminary Works, Foundations and Roads—Railway Bridge and
Tunnel Engineering—River and Canal Engineering— Irrigation Works—Dock Works and
Maritime Engineering—Sanitary Engineering.

NOTES ON DOCKS AND DOCK CONSTRUCTION. By C.
CoLSON, C.B., M.Inst.C.E. With 365 Illustrations. Medium Svo., 21.;. net.

CALCULATIONS IN HYDRAULIC ENGINEERING: a
Practical Text-Book for the use of Students, Draughtsmen and Engineers. By
T. Claxton Fidler, M.Inst.C.E.

Part I. Fluid Pressure and the Calculation of its Effects in En-
gfineering Structures. With numerous lUustns. and Examples. Svo., 6.?. 6d. net.

Part II. Calculations in Hydro- Kinetics. With numerous Illus-

trations and Examples. Svo. , ys. 6d. net.

RAILWAY CONSTRUCTION. By W. H. Mills, M.I.C.E.,
Engineer-in-Chief of the Great Northern Railway of Ireland. With 516 Illus-

trations and Diagrams. Svo., i8s. net.

PRINCIPLES AND PRACTICE OF HARBOUR CON-
STRUCTION. By William Shield, F.R.S.E., M.Inst.C.E. With 97 Illus-

trations. Medium 8vo. , 155. net,

TIDAL RIVERS: their (i) Hydraulics, (2) Improvement, (3)
Navigation. By W. H. Wheeler, M.Inst.C.E. With 75 Illustrations.

Medium Svo.
,

ids. net.

NAVAL ARCHITECTURE.
ATTIV00£>.—Works by EDWARD L. ATTWOOD, M.Inst.N.A.,

Member of the Royal Corps of Naval Construction.

WAR SHIPS: A Text-book on the Construction, Protection,
Stability, Turning, etc., of War Vessels. With numerous Diagrams.
Medium 8vo., los. 6d. net.

TEXT-BOOK OF THEORETICAL NAVAL ARCHITEC-
TU RE : a Manual for Students of Science Classes and Draughtsmen Engaged
in Shipbuilders' and Naval Architects' Drawing Offices. With 114 Diagrams.
Crown 8vo., 75. 6d.

BOZMS.—FRACTICM. SHIPBUILDING: a Treatise on the
Struc'tiral Design and Building of Modern .Steel Ve-sels, the work of construc-

tion, from the making of the raw material to the equipped vessel, including
subsequent up-keep and repairs. By A. Campbell Holms, Member of the
Institution of Naval Architects, etc. In 2 vols. (Vol. I., Text, medium 8vo. ;

Vol. II.. Diagrams and Illustrations, oblong 4to.) 48.?. net.

IVATSOJV.—NAYAL ARCHITECTURE : A Manual of Laying-
off Iron, Steel and Composite Vessels. By Thomas H. Watson, Lecturer on
Naval Architecture at the Durham College of Science, Newcastle-upon-Tyne.
With numerous Illustrations. Royal Svo., i^j. net.

WORKSHOP APPLIANCES, ETC.
ATOJ?TffCOTT.—LATHES AND TURNING, Simple, Mecha-

nical and Ornamental. By W. H. Northcott. With 338 Illustrations. 8vo.,i8j.

Sff£LL£ v.—WORKSHOP APPLIANCES, including Descrip-
tions of some of the Gauging and Measuring Instruments, Hand-cutting Tools,
Lathes, Drilling, Planeing, and other Machine Tools used by Engineers. By
C. P. B. Shelley, M.I.C.E. With an additional Chapter on Milling by R.
R. Lister. With 323 Illustrations. Fop. Svo. , 55.
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MACHINE DRAWING AND DESIGN.
LONGMANS' LIST OF APPARATUS FOR USE IN GEO-

METRY, ETC.
1. LONGMANS' ENGLISH AND METRIC RULER. Marked on one edge

in Inches, Eighths, Tenths and Five-fifths. Marked on the other edge in

Centimetres. Price \d. net.

2. LOWS IMPROVED SET SQUARES. Designs A & B. 45° to 60°.
A I 45° 4" ^

r B I 45° 4" each i/- net
A 2 45° 6"

}-or-!
B 2 45° 6" ,, 1/3

A3 45°6i"j tB3 45° 84" „ 2/-

A I 60° 4" 'I
r B I 60° 4" each i/- net.

A 2 60° 6" Ur^B2 6o=6" ,, 1/3 ,,

A3 6o°8rJ IB3 60° 84" „ 2/- ..

3. LOWS IMPROVED PROTRACTORS (Celluloid). Protractor No. 2. 3"
radius, marked in degrees, 6d. net. Protractor No. 3. 4" radius, marked in

4-degrees, qd. net.

4. LOWS ADJUSTABLE PROTRACTOR SET SQUARE, is. 6d. net.

5. LONGMANS' BLACKBOARD ENGLISH AND METRIC RULE. One
Metre

; marked in decimetres, centimetres, inches, half-inches and quarter-
inches. 2j. 6d.

*^* A Detailed and Illustrated Prospectus will be sent on application,

LO IV.—Works by DAVID ALLAN LOW, Professor of Engineer-

ing, East London Technical College (People's Palace).

AN INTRODUCTION TO MACHINE DRAWING AND
DESIGN. With 153 Illustrations and Diagrams. Crown Svo., as. 6d.

THE DIAGRAM MEASURER. An Instrument for measuring
the Areas of Irregular Figures and specially useful for determining the Mean
Effective Pressure from Indicator Diagrams from Steam, Gas and other

Engine?. Designed by D. A. Low. With Full Instructions for Use. i^. net.

LOW AND BEVJS.—K MANUAL OF MACHINE DRAWING
AND DESIGN. By David Allan Low and Alfred William Bkvis
M.I.Mech.E. With 700 Illustrations. Bvo., 75. 6df.

UNWIN.—TU'E ELEMENTS OF MACHINE DESIGN. By
W. Cawthorne Unwin, F.R.S.

Part I. General Principles, Fastenings, and Transmissive

Machinery. With 345 Diagrams, etc. Fcp. Svo., 7s. 6d.

Part II. Chiefly on Engine Details. With 259 Illustrations.

Fcp. Svo., 6s.

MINERALOGY, MINING, METALLURGY, ETC.

BAUERMAN.—WoxV% by HILARY BAUERMAN, F.G.S.

SYSTEMATIC MINERALOGY. With 373 Illustrations.

Fcp. Svo. , 65.

DESCRIPTIVE MINERALOGY. With 236 Illustrations.

Fcp. Svo., 6i.

BREARLEY and IBBOTSON. — THE ANALYSIS OF
STEEL-WORKS MATERIALS. By HARRY Brearley and Fred

Ibbotson, B.Sc. (Lond.), Demonstrator of Micrographic Analysis, University

College, Sheffield. With 85 Illustrations. Svo., 145. net.

GORE.—i:Yi^ ART OF ELECTRO-METALLURGY. By G.

Gore, LL.D., F.R.S. With 56 Illustrations. Fcp. 8vo., Oj.
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MINERALOGY, IVIININC, METALLURGY, ^-TC- Continued.

HUNTINGTONAND MCMILLAN. -WKYKV.^: their Properties
and Treatment. By A. K. Huntington, Professor of Metallurgj- in King's
College, London, and VV. G. M'Millan, late Lecturer on Metallurgy in Mason's

College, Birmingham. With 122 Illustrations. Fcp. 8vo., 7J. dd.

LUFTON.—\Norks by ARNOLD LUPTON, M.I.C.E., F.G.S., etc.

MINING. An Elementary Treatise on the Getting of Minerals.
With a Geological Map of the British Isles, and 596 Diagrams and Illustra-

tions. Crown 8vo. , gs. net.

A PRACTICAL TREATISE ON MINE SURVEYING.
With 209 Illustrations. 8vo.

,
125. net.

y?iy^^Z>.—METALLURGY. By E. L. Rhead, Lecturer on
Metallurgy at the Municipal Technical School, Manchester. With 94 Illustra-

tions. Fcp. Bvo.
, 3J. 6d.

RHEAD AND 6'^^r6>7V:—ASSAYING AND METALLUR-
GICAL ANALYSIS for the use of Students, Chemists and Assayers. By E. L.

Rhead, Lecturer on Metallurgy, Municipal School of Technology, Manchester ;

and A. Humboldt Sexton, F.I.C, F.C.S., Professor of Metallurgy, Glasgow
and West of Scotland Technical College. Bvo.

,
10^. 6d. net.

RUTLEY.—TYiY. STUDY OF ROCKS: an Elementary Text-
book of Petrology. By F. Rutley, F.G.S. W^ith 6 Plates and 88 other Illus-

trations. Fcp. 8vo. , 4s. 6^.

ASTRONOMY, NAVIGATION, ETC.

^^.9C>rr.—ELEMENTARY THEORY OF THE TIDES:
the Fundamental Theorems Demonstrated without Mathematics and the In-

fluence on the Length of the Day Discussed. By T. K. Abbott, B.D., Fellow

and Tutor, Trinity College, Dublin. Crown 8vo., 2s.

BAZZ.—Works by Sir ROBERT S. BALL, LL.D., F.R.S.

ELEMENTS OF ASTRONOMY. With 130 Figures and Dia-

grams. Fcp. 8vo. , 6s. 6d.

A CLASS-BOOK OF ASTRONOMY. With 41 Diagrams.
Fcp. 8vo., js. 6d.

GILL.—TEXT-BOOK ON NAVIGATION AND NAUTICAL
ASTRONOMY. By J. Gill, F.R.A.S. New Edition Augmented and Re-

arranged by W. V. Merkifield, B.A. Medium Bvo., lor. 6d. net.

^^^^C^.£:Z.—OUTLINES OF ASTRONOMY. By Sir John
F. W. Herschel, Bart., K.H., etc. With 9 Plates and numerous Diagrams.
8vo., izs.

LAUGHTON.—AN INTRODUCTION TO THE PRAC-
TICAL AND THEORETICAL STUDY OF NAUTICAL SURVEYING.
By John Knox Lacghton.M.A., F.R.A.S. With 35 Diagrams. Crown 8vo.,6j.

MARTIN.—HAYIGATIO^ AND NAUTICAL ASTRONOMY.
Compiled by Staff Commander W. R. Martin, R.N. Royal Bvo., iSs,
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ASTRONOMY. NAVIGATION, ETC-Gjutinued.

MERRIFIELD.—k TREATISE ON NAVIGATION. For
the Use (if Students. By J. Merrifield, LL.D., F.R.A.S., F.M.S. With
Charts and Diagrams. Crown 8vo. , 5^

i^^ie^^i?.—ELEMENTS OF ASTRONOMY. With Numerous
Examples and Examination Papers. By George W. Parker, M.A. ,

of

Trinity College, Dublin. With 84 Diagrams. Svo. , 5J. 6d. net.

ff^^^^.—CELESTIAL OBJECTS FOR COMMON TELE-
SCOPES. By the Rev. T. W. Webb, M.A., F.R.A.S. Fifth Edition,
Revised and greatly Enlarged by the Rev. T. E. Espin, M.A., F.R.A.S. (Two
Volumes.) Vol. I., with Portrait and a Reminiscence of the Author, 2 Plates,
and numerous Illustrations. Crown Svo., 6s. Vol. II., with numerous Illustra-

tions. Crown Svo., bs. 6d.

WORKS BY RICHARD A. PROCTOR.
THE MOON : Her Motions, Aspect, Scenery, and Physical

Condition. With many Plates and Charts, Wood Engravings, and 2 Lunar

Photographs. Crown Svo.
, 35. 6d.

OTHER WORLDS THAN OURS: the Plurality of Worlds
Studied Under the Light of Recent Scientific Researches. With 14 Illustrations;

Map, Charts, etc. Crown Svo., 3^. 6d.

OUR PLACE AMONG INFINITIES : a Series of Essays con-

trasting our Little Abode in Space and Time with the Infinities around us.

Crown Svo., 35. 6d.

MYTHS AND MARVELS OF ASTRONOMY. Crown 8vo.,

y. 6d.

LIGHT SCIENCE FOR LEISURE HOURS: Familiar Essays
on Scientific Subjects, Natural Phenomena, etc. Crown Svo., y. 6d.

THE ORBS AROUND US; Essays on the Moon and Planets,
Meteors and Comets, the Sun and Coloured Pairs of Suns. Crown Svo.

, y. 6d.

THE EXPANSE OF HEAVEN : Essays on the Wonders of the
Firmament. Crown Svo., y. 6d.

OTHER SUNS THAN OURS : a Series of Essays on Suns—Old,
Young, and Dead. With other Science Gleanings. Two Essays on Whist,

and Correspondence with Sir John Herschel. With 9 Star-Maps and Diagrams
Crown Svo.

, 3^. 6d.

HALF-HOURS WITH THE TELESCOPE: a Popular Guide
to the Use of the Telescope as a means of Amusement and Instruction. With

7 Plates. Fcp. Svo. ,
2S. bd.

NEW STAR ATLAS FOR THE LIBRARY, the School, and
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Introduction on the Study of the Stars. Illustrated by 9 Diagrams. Cr. Svo., y.

OVKR.
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WORKS BY RICHARD A. PROCTOR—Confinued.

THE SOUTHERN SKIES: a Plain and Easy Guide to the
Constellations of the Southern Hemisphere. Showing in 12 Maps the position
of the principal Star-Groups night after night throughout the year. With an
Introduction and a separate Explanation of each Map. True for every Year.

4to., y.

HALF-HOURS WITH THE STARS ; a Plain and Easy Guide
to the Knowledge of the Constellations. Showing in 12 Maps the position of

the principal Star-Groups night after night throughout the year. With Intro-

duction and a separate Explanation of each Map. True for every Year.

4to., y. net.

LARGER STAR ATLAS FOR OBSERVERS AND STUDENTS.
In Twelve Circular Maps, showing 6000 Stars, 1500 Double Stars, Nebulae, etc.

With 2 Index-Plates. Folio, ly

THE STARS IN THEIR SEASONS: an Easy Guide to a

Knowledge of the Star-Groups. In 12 Large Maps. Imperial 8vo., y.

ROUGH WAYS MADE SMOOTH. Familiar Essays on
Scientific Subjects. Crown 8vo., 35. 6d.

PLEASANT WAYS IN SCIENCE. Crown 8vo., 3^. 6d.

NATURE STUDIES. By R. A. Proctor, Grant Allen, A.
Wilson, T. Foster, and E. Clodd. Crown 8vo., y. 6d.

LEISURE READINGS. By R. A. Proctor, E. Clodd, A.
Wilson, T. Foster, and A. C. Ranyard. Crown 8vo., y. 6d.

PHYSIOGRAPHY AND GEOLOGY.
^/y?Z>.—Works by CHARLES BIRD, B.A.

ELEMENTARY GEOLOGY. With Geological Map of the
British Isles, and 247 Illustrations. Crown 8vo., 2S. 6d.

ADVANCED GEOLOGY. A Manual for Students in Advanced
Classes and for General Readers. With over 300 Illustrations, a Geological

Map of the British Isles (coloured), and a set of Questions for Examination.
Crown 8vo., 7s. 6d.

GREEN.—VYiNSICAl. GEOLOGY FOR STUDENTS AND
GENERAL READERS. By A. H. Green, M.A., F.G.S. With 236 Illus-

trations. 8V0., 215.

MORGAN.—\Norks by ALEX. MORGAN, M.A., D.Sc, F.R.S.E.

ELEMENTARY PHYSIOGRAPHY. Treated Experimentally.
With 4 Maps and 243 Diagrams. Crown 8vo., 25. 6d.

ADVANCED PHYSIOGRAPHY. With 215 Illustrations.

Crown 8vo., 4J. 6d.

REABE.—THE EVOLUTION OF EARTH STRUCTURE:
with a Theory of Geomorphic Changes. By T. Mellard Reade, F.G.S.,
F. R. I. B. A. . A. M. I. C. E.

, etc. With 41 Plates. 8vo. ,21s. net.
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PHYSIOGRAPHY AND CEOLOGY- ft>M//»«erf,

THORNTON.—\NorV^ by J. THORNTON, M.A.

ELEMENTARY PRACTICAL PHYSIOGRAPHY.
Part I. With 215 Illustrations. Crown 8vo., 2s. 6d.

Part II. With 98 Illustrations. Crown Svo., 2s. 6d.

ELEMENTARY PHYSIOGRAPHY : an Introduction to the
Study of Nature. With 13 Maps and 295 Illustrations. With Appendix on
Astronomical Instruments and Measurements. Crown 8vo., 2j. 6d.

ADVANCED PHYSIOGRAPHY. With 11 Maps and 255
Illustrations. Crown 8vo., 4J. 6d.

NATURAL HISTORY AND GENERAL SCIENCE.
FUHNJSAC/X.—Works by WILLIAM FURNEAUX, F.R.G.S.

THE OUTDOOR WORLD ; or, The Young Collector's Hand-
book. With 18 Plates, 16 of which are coloured, and 549 Illustrations in the
Text. Crown 8vo. , 6s. net.

LIFE IN PONDS AND STREAMS. With 8 Coloured Plates
and 331 Illustrations in the Text. Crown 8vo. , 6s. net.

BUTTERFLIES AND MOTHS (British). With 12 Coloured
Plates and 241 Illustrations in the Text. Crown 8vo., 6s. net.

THE SEA SHORE. With 8 Coloured Plates and 300 Illustra-
tions in the Text. Crown Svo. , 6s. net

HUDSON.—Works by W. H. HUDSON, C.M.Z.S.

BRITISH BIRDS. With 8 Coloured Plates from Original
Drawings by A. Thorburn, and 8 Plates and 100 Figures by C. E. Lodge,
and 3 Illustrations from Photographs. Crown Svo. , 6s. net.

BIRDS AND MAN. Large Crown 8vo., 6s. net.

MIZZA/S.—Works by JOHN GUILLE MILLAIS, F.Z.S.

THE NATURAL HISTORY OF THE BRITISH SURFACE-
FEEDING DUCKS. With 6 Photogravures and 66 Plates (41 m colours)
from Drawings by the Author, Archibald Thorburn, and from Photo-

graphs. Royal 4to., £6 6s. net.

THE MAMMALS OF GREAT BRITAIN AND IRELAND.
3 vols. Quarto (13 in. by 12 in.), cloth, gilt edges.

Volume I. With 18 Photogravures by the Author ; 31 Coloured Plates by the

Author, Archibald Thorburn and G. E. Lodge
;
and 63 Uncoloured

Plates by the Author and from Photographs. £6 6s. net.

*,* On/y 1,025 copies printedfor England and America.

NANSEN.— 'YYiY. NORWEGIAN NORTH POLAR EX-
PEDITION, 1893-1896 : Scientific Results. Edited by Fridtjof Nansen.

Volume I. With 44 Plates and numerous Illustrations in the Text. Demy
4to. , 40^. net.

Volume II. With 2 Charts and 17 Plates. Demy 4to. , 30?. net.

Volume III. With 33 Plates. Demy 4to., 32J. net.

Volume IV. With 33 Plates. Demy 410. , 2\s. net.

STANZEY.—K FAMILIAR HISTORY OF BIRDS. By E.

Stanley, D.D., formerly Bishop of Norwich. With 160 Illustrations. Crown

8vo. , js. 6d,
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MANUFACTURES, TECHNOLOGY, ETC.

ASIILE v.—BRITISH INDUSTRIES: A Series of General
Reviews for Business Men and Students. Edited by W. J. Ashley, M.A.

,

Professor of Commerce in the University of Birmingham. Crown 8vo. , 55. 6d. net.

^^ZZ.—JACQUARD WEAVING AND DESIGNING. By F. T.
Bell. With 199 Diagrams. 8vo., 12^. net.

^i?C>«^^.—LABORATORY STUDIES FOR BREWING
STUDENTS : a Systematic Course of Practical Work in the Scientific Prin-

ciples underlying the Processes of Malting and Brewing. By Adrian J.

Brown, M.Sc., Director of the School of Brewing, and Professor of the Biology
and Chemistry of Fermentation in the University of Birmingham, etc. With 36
Illustrations. 8vo., js, 6d. net.

CROSSAND BE r^TV.—Works by C. F. CROSS and E. J. BEVAN.

CELLULOSE : an Outline of the Chemistry of the Structural
Elements of Plants. With reference to their Natural History and Industrial

Uses. (C. F. Cross, E. J. Bevan and C. Beadle.) With 14 Plates.

Crown 8vo., i2j. net.

RESEARCHES ON CELLULOSE, 1895-1900. Crown 8vo.,
6j. net.

JACKSON.—A TEXT-BOOK ON CERAMIC CALCULA-
TIONS: with Examples. By W. Jackson, A.R.C.S., Lecturer in Pottery
and Porcelain Manufacture for the Staffordshire Education Committee and the

Hanley Ekiucation Committee. Crown Bvo., y. 6d. net.

MORRIS AND WILKINSON.—THY. ELEMENTS OF COT-
TON SPINNING. By John Morris and F. Wilkinson. With a Preface

by Sir B. A. Dobson, C.E., M.I.M.E. With 169 Diagrams and Illustrations.

Crown 8vo. , "js. 6d. net.

RICHARDS.—BRlCKl^AWi^G AND BRICK-CUTTING. By
H. W. Richards, Examiner in Brickwork and Masonry to the City and Guilds
of London Institute, Head of Building Trades Department, Northern Poly-
technic Institute, London, N. With over 200 Illustrations. Med. 8vo., y. bd.

TA VLOR.—COTTON WEAVING AND DESIGNING. By
John T. Taylor. With 373 Diagrams. Crown 8vo., ys. 6d. net.

WATTS.—Al^ INTRODUCTORY MANUAL FOR SUGAR
GROWERS. By Francis Watts, F.C.S., F.I.C. With 20 Illustrations.

Crown 8vo., 6s.
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HEALTH AND HYGIENE.

^5^^K—HEALTH IN THE NURSERY. By Henry Ashby,
M.D., F.R.C.P. With 25 Illustrations. Crown 8vo., y. net.

BUCKTON.—Vi¥.KLi:n IN THE HOUSE. By Mrs. C M.
BucKTON. With 41 Woodcuts and Diagrams. Crown 8vo., ai.

COR-FIELJD.—Tn^ LAWS OF HEALTH. By W. H. Cor-
FIELD, M.A., M.D. Fcp. 8vo., is. 6d.

J^17J?N£A17X.—ELEMENTARY PRACTICAL HYGIENE.—
Section I. By William S. Furneaux. With 146 Illustrations. Cr. 8vo., zs. 6d.

NOTTER AND FIRTH.—Y^QxY% by J. L. NOTTER, M.A., M.D.,
and R. H. FIRTH, F.R.C.S.

HYGIENE. With 95 Illustrations. Crown 8vo., 3^. 6^.

PRACTICAL DOMESTIC HYGIENE. With 83 Illustrations.

Crown 8vo., zs. 6d.

ROORE.—Works by GEORGE VIVIAN POORE, M.D.

ESSAYS ON RURAL HYGIENE. With 12 Illustrations.

Crown 8vo. , 6s. 6d.

THE DWELLING-HOUSE. With 36 Illustrations. Crown
8vo., y. 6d.

COLONIAL AND CAMP SANITATION. With n Illustra-

tions. Crown 8vo., zs. net.

THE EARTH IN RELATION TO THE PRESERVATION
AND DESTRUCTION OF CONTAGIA : being the Milroy Lectures

delivered at the Royal College of Physicians in 1899, together with other

Papers on Sanitation. With 13 Illustrations. Crown 8vo., S-^-

WILSON.—A MANUAL OF HEALTH-SCIENCE. By
Andrew Wilson, F.R.S.E.. F.L.S., etc. With 74 Illustrations. Crown
8vo. , zs. bd.
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MEDICINE AND SURGERY.
(And see PHYSIOLOGY, etc., page 32,)

ASHBY AND WJ^/GHT.—THE DISEASES OF CHILDREN,
MEDICAL AND SURGICAL. By Henry Ashby, M.D., Lond., F.R.C.P..

Physician to the General Hospital for Sick Children, Manchester ;
and G. A.

Wright, B.A., M.B. Oxon., F.R.C.S., Eng. , Assistant-Surgeon to the Man-
chester Royal Infirmary, and Surgeon to the Children's Hospital. Enlarged
and Improved Edition. With 192 Illustrations. 8vo.

, 25^.

BAIN.—K TEXT-BOOK OF MEDICAL PRACTICE. By
Various Contributors. Edited by William Bain, M.D., M.R.C.P. With 68

Anatomical Illustrations. Svo. , 25^. net.

BENNETT.—\Nox\i% by Sir WILLIAM BENNETT, K.C.V.O.,

F.R.C.S., Surgeon to St. George's Hospital; Member of the

Board of Examiners, Royal College of Surgeons of England.
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